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Chapter 1

Summary

This thesis broadly focuses on studying stable oo-categories via ge-
ometric methods. Specifically, this is done via algebraic K-theory,
the Balmer spectrum of a tensor-triangulated category and spectral
algebraic geometry. This comes to fruition in three papers, each of
which focuses on one of these methods.

The first paper is concerned with the relationship of exact and
stable oco-categories. Any stable oco-category has a maximal exact
structure, but not every exact oo-category is stable. In this paper
we functorially construct a universal presentable stable envelope of a
small exact oo-category and study the properties of this association. In
particular, we show that it is symmetric monoidal. Working from this
starting point, we focus on algebraic K-theory of exact oco-categories
and prove fundamental properties, which were already known for the
analogous theory for stable co-categories. Finally, we prove that the
stable envelope induces an equivalence on algebraic K-theory, effectively
translating the study of algebraic K-theory of exact oo-categories into
the study of algebraic K-theory of stable co-categories. This is joint
work with Christoph Winges.

In the second paper we shift our focus to tensor-triangulated ge-
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ometry, or tt-geometry for short, where one assumes that the stable
oo-category in question is equipped with a compatible symmetric
monoidal structure and satisfies certain rigidity properties. In tt-
geometry, following work of Balmer, one studies a topological space
called the Balmer spectrum, which is a generalization of the Zariski
spectrum of prime ideals from algebraic geometry. However, one is
often interested in studying certain completions of tensor-triangulated
categories where the aforementioned rigidity properties need not be
satisfied. This is analogous to the theory of formal schemes, a general-
ization of schemes in which one takes completeness into account. In
this paper, we introduce a formal version of the Balmer spectrum, and
study its fundamental properties. Finally, we prove formal versions
of the Hopkins-Neeman theorem and Thomason’s theorem, providing
comparison theorems between the formal spectrum of the completed
derived category of a formal scheme and the formal scheme itself, as a
locally ringed space. This is joint work with Drew Heard.

The third and final paper studies interactions between spectral
algebraic geometry and the theory of “synthetic spectra” introduced
by Pstragowski. The category of synthetic spectra is in some sense a
homotopical categorification of Adams spectral sequence and the theory
has led to numerous advances in the computation of stable homotopy
groups of the sphere and in the theoretical study of manifolds and
multiplicative structures on Moore spectra. One perspective on the
Adams spectral sequence is that it is the “descent spectral sequence” of
a certain stack. This stack is in some sense a moduli stack classifying
the descent data used to define the Adams-spectral sequence in question.
In the case of the Adams—Novikov spectral sequence the stack is a
spectral refinement of the moduli stack of formal groups. Inspired by
this perspective, this paper introduces the notion of a filtered stack and
its associated theory of quasi-coherent sheaves. This theory provides a
refinement of spectral algebraic geometry, where one keeps track of the
descent spectral sequence in addition to coherent cohomology. Included
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in this paper is a proof of faithfully flat descent for filtered stacks,
and as a consequence, we deduce descent for the m,-flat topology on
E.-ring spectra. The final part of the paper focuses on two different
applications. First we introduce a certain filtered stack, which encodes
the Adams spectral sequence and we produce a comparison functor
from synthetic spectra to the category of quasi-coherent sheaves on
this filtered stack. This functor is not an equivalence in general, but it
is fully faithful on a reasonable subcategory of synthetic spectra. We
then focus on the “even filtration” of Hahn—Raksit-Wilson and show
that it is encoded by a filtered stack. Building on this, we construct a
version of the even filtration for any spectral stack.






Chapter 2

Sammendrag

Set over en bred kam fokuserer denne afhandling pa at studere stabile
oo-kategorier via geometriske metoder. Mere specifikt kommer dette
til udtryk gennem studiet af algebraisk K-teori, Balmer spektret af en
tensor-trianguleret kategori og spektral algebraisk geometri. Dette har
resulteret i tre artikler, der hver iseer fokuserer pa en af disse metoder.

I den fgrste artikel er fokus pa forholdet mellem eksakte og sta-
bile co-kategorier. Enhver stabil co-kategori har en maksimal eksakt
struktur, men ikke alle eksakte co-kategorier er stabile. I denne artikel
konstruerer vi funktorielt et universelt presentabelt stabilt hylster fra
en lille eksakt oo-kategori og studerer egenskaber ved denne associa-
tion. Herunder viser vi, at denne konstruktion kan ggres symmetrisk
monoidal. Derefter skifter vi fokus til at studerer algebraisk K-teori
for eksakte oo-kategorier og beviser grundlaeggende resultater. Disse
var allerede kendt i den analoge teori for stabile oo-kategorier. Til slut
viser vi at det stabile hylster inducerer en sekvivalens pa algebraisk K-
teori, som effektivt oversaetter studiet af algebraisk K-teori for eksakte
oo-kategorier til studiet af algebraisk K-teori for stabile co-kategorier.
Denne artikel er skrevet i samarbejde med Christoph Winges.

I den anden artikel skifter vi fokus til tensor-trianguleret geometri.
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Her antager man ogsa at ens stabile co-kategori er udstyret med en kom-
patibel symmetrisk monoidal struktur og at den tilfredsstiller seerlige
rigiditetsegenskaber. I tt-geometri studerer man et topologisk rum ved
navn Balmer spektrum, navngivet efter Balmer som introducerede det
i sit skeeldsaettende arbejde. Balmer spektret er en generalisering af
Zariski spektret bestaende af primidealler som man kender fra alge-
braisk geometri. Desveerre er man ofte interesseret i at studere bestemte
fuldsteendigggrelser af tt-kategorier, men disse bibeholder sjeeldent de
rigiditets egenskaber vi havde til at starte med. Dette er analogt
med teorien af formelle skemaer, en generalisering af skemateori, hvor
man ogsa tager fuldsteendigggrelse med i sine betragtninger. I denne
artikel introducerer vi en formel udgave af Balmer spektret, og studerer
dettes fundamentale egenskaber. Til slut viser vi formelle versioner
af Hopkins-Neeman-saetningen og Thomason-saetningen, hvilket giver
sammenligningsresultater af det formelle spektrum af den fuldsteendig-
gjorte deriverede kategori af et formelt skema og det formelle skema
selv, som lokalringede rum. Denne artikel er skrevet i samarbejde med
Drew Heard.

Den tredje og sidste artikel studerer interaktioner mellem spektral
algebraisk geometri og teorien om “syntetiske spektra” introduceret af
Pstragowski. Kategorien af syntetiske spektra er pa en vis made en
homotopisk kategorificering af Adams-spektralfglgen og teorien har fort
til adskillige fremskridt i udregninger af stabile homotopigrupper af
sfaeren og i det teoretiske studie af mangfoldigheder og multiplikative
strukturer pa Moore spektra. Et perspektiv pa Adams spektral fglgen
er at den er “nedstigningsspektralfslgen” kommende fra en bestemt
stack. Denne stack kan ses som en modulistack der kontrollerer det
“nedstignings data” som skal til for at definere Adams-spektralfglgen
i fokus. I tilfeeldet af Adams—Novikov-spektralfslgen er denne stack
en spektral udgave af modulistacken af formelle grupper. Inspireret
af dette perspektiv, introducerer vi i denne artikel definitionen af en
filtreret stack og dennes inducerede teori af kvasi-koherente knipper.



CONTENTS

Denne teori kan ses som en refineret udgave af spektral algebraisk
geometri, hvor man holder styr pa nedstigningsspektralfglgen og ikke
kun den koherente kohomologi. Denne artikel indeholder blandt andet
et bevis for nedstigning med hensyn til den flade topologi pa filtrerede
stacks, og som en konsekvens af dette beviser vi nedstigning for m,-flade
topologi pa E.-ringe. Den sidste del af denne artikel fokuserer pa to
forskellige anvendelser af denne teori. Fgrst introducerer vi en bestemt
filtreret stack, som kontrollerer Adams-spektralfglgen og vi konstruerer
en funktor som sammenligner kategorien af syntetiske spektra med
kategorien af kvasi-koherente knipper pa denne filtrerede stack. Denne
funktor er ikke generelt en sekvivalens af kategorier, men den er fuld og
trofast pa en rimelig delkategori af syntetisk spektra. Derefter fokuserer
vi pa den “lige filtrering” introduceret af Hahn—Raksit-Wilson og viser
at den er kontrolleret af en filtreret stack. Pa baggrund af dette
definerer vi en version af den lige filtrering pa alle spektrale stacks.






Chapter 3

Structural information

This thesis consists of three papers:

1. The presentable stable envelope of an exact category. This pa-
per is joint work with Christoph Winges and is submitted for

publication.

2. The formal spectrum of a tensor-triangulated category. This paper
is joint work with my supervisor Drew Heard and is submitted

for publication.

3. On filtered stacks and the geometrization of synthetic spectra.

Before the papers, a section providing some of the background
needed for understanding the main results of the thesis is included. In
addition, the background section includes some informal statements
about the main results of this thesis.
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Chapter 4

Background and results

The language of this thesis is that of co-categories. The definition of
an oo-category is complicated and not informative for this section. For
this reason, as is popular in modern mathematics, we will take model-
agnostic approach to oo-categories in this thesis and rather consider
oo-categories and their theory as an foundational building block of
mathematics. For unfamiliar readers we suggest the following mental
image: oo-category theory is a homotopical refinement of category
theory, where the set of morphisms between two objects is replaced
by a homotopy type and compositions of arrows are homotopically
coherent.

Because of the above reasoning, this section focuses on the theory
of stable oco-categories and “higher algebra”.

Definition 4.0.1. An oco-category C is pointed if there exists an object
0 € € which is both initial and terminal. Furthermore, a pointed
oo-category € is stable if it admits finite limits and colimits and for

every pair of composable arrows X Iy v % 7 such that gf ~ 0 the

11
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diagram
P

l g
0 —— 72

is cartesian if and only if it is cocartesian. Such a triple is called an
exact sequence in C. A functor of stable co-categories F': € — D is
ezact if it preserves the 0 object and sends exact sequences to exact
sequences. This is equivalent to preserving finite limits or colimits.

Remark 4.0.2. Stable oo-categories are analogous to abelian cat-
egories, where the kernel-cokernel pair condition has been replaced
with the condition above. To any category (with finite limits) one can
associate an abelian category by taking abelian group objects. In the
case of the category of sets, the resulting category is the category of
abelian groups. Such a procedure exists for oo-categories too. In this
case, the role of the category of sets is played by the oco-category of
spaces, 8, (or homotopy types/oo-groupoids/anima if you prefer) and
the resulting oo-category is the co-category of spectra, usually denoted
S8p. We believe the analogy shown in

category theory ‘ oo-category theory
Sets Spaces
Abelian groups Spectra

is excellent to keep in mind for the rest of this section. Readers familiar
with the material will recall that there is also a strong analogy between
spectra and cohomology theories. This analogy will be relevant when
discussing synthetic spectra at the end of this section.

Example 4.0.3. Every abelian group A determines a spectrum H A,
determined by the cohomology theory given by singular cohomology
with coefficients in A. The association A — H A defines a functor

H(—): Ab — 8p

12
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of oo-categories. This functor is usually called the Eilenberg—-Mac Lane
functor and we say that the spectrum H A is the Eilenberg—Mac Lane
spectrum of A.

Remark 4.0.4. The category of abelian groups can be equipped with
a symmetric monoidal structure given by the tensor product of abelian
groups determining a functor

Ab x Ab — Ab

sending a pair (A4, B) to A®z B. The tensor product has a “unit”
namely, the integers Z considered as a free abelian group with one
generator. A simple but effective observation is that the building
blocks of modern abstract algebra, can be expressed in terms of algebra
objects for the tensor product of abelian groups and modules over these
algebra objects with respect to this symmetric monoidal structure. In
particular, this allows for the study of algebra in any such symmetric
monoidal (co-)category, where we have a well behaved “tensor product”.

In a similar fashion, the co-category of spectra can be equipped with
a symmetric monoidal structure given by the tensor product of spectra'.
We denote the tensor product of spectra by A® B. The tensor unit
is given by the sphere spectrum S. A key insight of Waldhausen is
that we should pursue the study of algebra, with respect to the tensor
product of spectra. He dubbed this brave new algebra, and it often
goes under the epithet higher algebra in modern mathematics.

The Eilenberg-Mac lane functor is lax symmetric monoidal and
in particular, every (commutative) ring is sent to a (commutative)
algebra object in the oo-category of spectra. These are also often
called E;-ring spectra or E.-ring spectra in the commutative case. A
theorem of Schwede—Schipley shows that for a (commutative) ring R,
the oco-category of H R-module spectra is equivalent to the derived

IThis is also often called the smash product of spectra.

13
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oo-category of R, usually denoted D(R). This result means that the
study of homological algebra of R-modules coincides with the study of
the stable homotopy theory of H R-module spectra. However, the unit
map S — HZ is not an equivalence and as such, there is a difference
between (derived) algebra and “higher algebra”. This observation has
led to many interesting advances in stable homotopy theory and the
rest of mathematics.

4.1 The presentable stable envelope of an
exact category

While many stable co-categories are related to Sp via “algebra”, there
are even more that are not. One tool for studying such categories is
algebraic K-theory. The first paper of this thesis studies exact oco-
categories, a “type” of co-category closely related to stable co-categories
and their algebraic K-theory.

Definition 4.1.1. If C is a stable oco-category, then a full subcategory
€ is extension closed if it contains the 0 object and for every exact
sequence X — Y — Z such that X, Z € &, then we have that Y € &.

Definition 4.1.2. An oco-category € is additive if it is pointed, has
finite products and coproducts which agree and the homotopy category
h€ is an additive 1-category.

Definition 4.1.3. An ezact co-category consists of a triple (€, Ceof, Cin,),
given by an additive oo-category € and two wide subcategories C.of
and Cg, whose morphisms are called cofibrations and fibrations respec-
tively. Furthermore, for every object X the map 0 — X should be a
cofibration and X — 0 should be a fibration. Furthermore, we require
that pushouts of cofibrations exist and are cofibrations. Likewise, we
require that pullbacks of fibrations exist and are fibrations. Finally,

14
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we assume that if X LV % 7 are maps, such that gf ~ 0, fis a
cofibration and ¢ is a fibration, then the square

I

is cocartesian if and only if it is cartesian. In this case we say that
X =Y — Zis an ezact sequence'. An additive functor F: € — D of
exact oo-categories is ezact if it preserves exact sequences.

I

N

—

Remark 4.1.4. Heuristically, we imagine an exact oo-category as a
stable oco-category, where it is no longer the case that every morphism
admits a fiber and cofiber. However, it still comes equipped with
a class of exact sequences, and one can show that the data of an
exact structure on an additive oo-category is equivalent to choosing
a collection of exact sequence subject to certain conditions. In fact,
the Gabriel-Quillen embedding theorem for exact co-categories proven
in the first paper of this thesis, shows that any exact co-category is
equivalent to an extension closed subcategory of a stable oo-category
and there is an initial presentable stable co-category with this property.

Remark 4.1.5. Exact categories were introduced by Quillen to study
algebraic K-theory. Likewise exact co-categories were introduced by
Barwick, to study the algebraic K-theory and prove the theorem of the
heart. Since then the main focus in the study of algebraic K-theory
has been algebraic K-theory of stable oo-categories. The study of

!This definition is slightly stronger than that of an exact sequence in a stable
oo-category, since not every bifiber sequence in an exact co-category is exact in
terms of the above definition. Only the bifiber sequences where the first map is a
cofibration and the second map is a fibration are exact with respect to the “exact
structure” that we are considering.

15
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algebraic K-theory is a vast subject, and we will not attempt to do
it justice in this section. For stable oo-categories, algebraic K-theory
defines a functor

K: Cat™ — 8p

for the oo-category of small stable co-categories with exact functors to
the oo-category of spectra.

Work of Blumberg—Gepner—Tabuada shows that the algebraic K-
theory functor above is governed by a universal property. Namely,
it is the initial additive invariant. There exists a refinement called
non-connective algebraic K-theory, usually denoted K(—), which is
similarly governed by a universal property, namely it is the initial
localizing invariant. Near the end of the first paper, we define a non-
connective variant of algebraic K-theory of exact oo-categories and
show that it too is governed by a similar universal property. Finally, we
prove a higher categorical analogue of the Gillet-Waldhausen theorem,
showing that the map € — St(€) from an exact oo-category to its
stable envelope induces an equivalence on non-connective algebraic
K-theory. That is, the map of spectra

K(€) — K(St(C))

is an equivalence.

4.2 The formal Balmer spectrum of a
tensor-triangulated category

A different tool for understanding stable oo-categories is the Balmer
spectrum and its tensor-triangulated geometry. For this subsection

we assume that € is a small stably symmetric monoidal oco-category
subject to certain rigidity conditions. That is € is equipped with a

16
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tensor product satisfying similar properties to the tensor product of
spectra or the derived tensor product of chain complexes.

Definition 4.2.1. A full subcategory D C € is thick if it is a stable
subcategory and closed under retracts in €. Furthermore, we say that
D is a ®-ideal if for all X € D and Y € C the tensor product X ® Y is
in D. Furthermore, we say that a proper ®-ideal D is a prime ®-ideal
if X®Y € D implies that X € D or Y € D. The Balmer spectrum of
C, denoted Spc €, is the set of prime ®-ideals in C.

Remark 4.2.2. The Balmer spectrum of C can be given a topology
by defining the support of objects to be a basis for the closed subsets
and it can even be given a sheaf of commutative rings. If € = Perf(R)
is the subcategory of the derived oo-category of a commutative ring
R spanned by perfect complexes, then the Hopkins—Neeman theorem
proves that there is an isomorphism of locally ringed spaces

Spc Perf(R) = Spec(R)

where Spec(R) denotes the Zariski spectrum of prime ideals in R
with its structure sheaf. This was extended by Thomason to include
quasi-compact quasi-separated schemes.

Remark 4.2.3. If € = X“ for some large tt-category K and X € C,
then one is often interested in studying the Balmer spectrum of the
Bousfield localization of K at X. Unfortunately, this localization
can fail to preserve the rigidity conditions we assumed earlier. For
example consider the derived co-category of the integers D(Z) and the
Bousfield localization at Z/p. This is the full subcategory spanned
by derived p-complete objects. One would hope that this agrees with
the derived oo-category of the p-adic integers Z,. Unfortunately, these
oo-categories are not equivalent. One has Z/p as a compact generator,
while the other has Z, as a compact generator. Only after localizing
D(Z,) at Z/p do the oco-categories become equivalent.

17
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This is analogous to what happens in algebraic geometry, where
we would want the spectrum of Z, to be a “nilpotent thickening” of
the spectrum of IF,,. This can be seen to not be the case, since SpecZ,
has two points and SpeclF, only has one. The solution in algebraic
geometry is to consider the formal spectrum of Z,, where one takes the
p-adic topology on Z, into account. We will discuss this now.

Definition 4.2.4. Suppose R is a topological ring, where the topology
of R has a finitely generated ideal of definition J. The formal spectrum
of R, denoted Spf R is the subspace of Spec R spanned by those prime
ideals that are open in the topology on R. This can be given a structure
sheaf by J-completing the structure sheaf on Spec R pointwise.

Example 4.2.5. The formal spectrum of Z, has a single point given
by (p), and the structure sheaf is given by Z,. Moreover, for any R
and finitely generated ideal J, there is an isomorphism of formal affine
schemes

Spf R} — SpfR

induced by J-adic completion.

In the second paper, we define the formal spectrum of a pair (C, I),
consisting of a tt-category C and a choice of Thomason subset I of
Spc €. One should consider the data of the Thomason subset I as a
replacement for the J-adic topology on R, in the example above. We
then show that the formal spectrum is invariant under completion, and
afterwards we prove formal versions of the Hopkins—Neeman theorem
and Thomason’s theorem. We also compute the formal spectrum
in simple examples coming from representation theory and stable
homotopy theory.

18
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4.3 On filtered stacks and the geometriza-
tion of synthetic spectra

In the final paper, we center our focus on the co-category of spectra and
spectral algebraic geometry. Spectral algebraic geometry is a version
of algebraic geometry where the role of commutative rings as basic
building blocks is replaced by E.-ring spectra. This extends classical
algebraic geometry via the Eilenberg-Mac Lane functor, but contains
many more objects! We are not able to give a proper introduction in
this thesis, but we include some relevant background information and
attempt to provide some perspectives on other things relevant to the
third paper.

Remark 4.3.1. From any spectrum X one can construct a collection
of abelian groups {m.(X)}.cz, called the homotopy groups of X. If
X is an H R-module spectrum for some ring R, then the homotopy
groups of X are given by the homology groups of the associated object
in the derived category of R. If X =S the sphere spectrum, then the
homotopy groups are the stable homotopy groups of the sphere.

A major study of stable homotopy theory is the problem of under-
standing the stable homotopy groups of the sphere. The most successful
approach to this problem is using the Adams spectral sequence: A
spectral sequence whose input is given by the coherent cohomology of
a certain stack Mg, coming from algebra, and whose output computes
the stable homotopy groups of the sphere spectrum. In recent years,
this method has been improved upon by the introduction of the “cofiber
of 77-methods and the theory of synthetic spectra. The oco-category of
synthetic spectra, usually denoted Syn, is a “categorical deformation”
of the Adams spectral sequence, which allows for homotopy theoretic
methods to be applied in the study of the Adams spectral sequence. A
simpler example of such a categorical deformation is the oco-category

19
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of filtered spectra 8pfi! := Fun(Z°?, 8p). This co-category is a homo-
topical refinement of the category of spectral sequences, and will serve
as the base for most of the considerations in the third paper.

In the above, we made an analogy between abelian groups and spec-
tra, but spectra were originally defined to as a homotopical refinement
of cohomology theories. While these ideas might seem like they are at
odds with one another, we consider this reconciled by the relationship
between Eilenberg-Mac Lane spectra and singular cohomology. We
encourage the reader to keep the following analogy in mind:

Algebra ‘ Homotopy theory

Cohomology theories Spectra
Spectral sequences Filtered spectra
Adams spectral sequences | Synthetic spectra

Like the oco-category of spectra, the oo-category of synthetic spectra is
truly homotopical, but in some sense it is also much more closely related
to the homological algebra necessary for computing the cohomology
groups that make up the F>-page of the Adams spectral sequence.
This is part of what has made this theory very successful both in
computation and in theoretical applications.

One useful perspective on the Adams spectral sequence is that it
is the “descent spectral sequence” for a “spectral” stack Myy. The
spectral stack My is related to the ordinary stack My, via Quillen’s
theorem, which identifies the homotopy groups of MU with the Lazard
ring, the spectrum of which is a flat cover of Mg,. In the third paper,
our goal is to make this perspective into a definition and use it to
introduce a category of “synthetic” quasi-coherent sheaves for any
spectral stack. This is done by introducing the notion of “filtered
stacks” and studying their sheaf theory.

Remark 4.3.2. The oo-category of filtered spectra admits a symmetric
monoidal structure given by Day convolution. We say that a commuta-
tive algebra object for this monoidal structure is a commutative filtered

20
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ring spectrum. In the first major theorem of the third paper we show
that the (opposite) oo-category of commutative filtered ring spectra
admits a Grothendieck topology, which we call the flat topology.

Definition 4.3.3. A filtered stack is a functor
X: CAlg(Sp™) — 8,

which is a sheaf for the flat topology. We denote the oo-category of
filtered stacks by FStack.

The main source of examples of filtered stacks comes from spectral
stacks. More precisely, we prove that there is a colimit preserving
functor

(—)": Stk — FStack

from the oco-category of spectral stacks to the co-category of filtered
stacks, which takes “affines to affines”. We also show that this func-
tor satisfies several excellent properties, for instance it preserves flat
morphisms and the property of being “geometric”.

We then move on to study the co-category of quasi-coherent sheaves
on a filtered stack. For a filtered stack X7 arising from spectral stacks
via the above construction, QCoh(X7) is our candidate for the oo-
category of “synthetic” quasi-coherent sheaves on X. We then prove
that this is a categorical deformation of the oo-category of QCoh(X),
in an appropriate sense. One important result that we would like to
highlight is that the coherent cohomology of a filtered stack canonically
comes equipped with a filtration and for filtered stacks coming from
spectral stacks, this is precisely the filtration encoding the “descent
spectral sequence”.

We then go on to study the relationship of Syn and QCoh(Myy),
and more generally E-based synthetic spectra, Syny and QCoh(MF),
for an Adams-type ring spectrum E. We construct a comparison
functor

Syny — QCoh(M}),
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which we show is fully faithful on the full subcategory of Syng, where
the E-based Adams spectral sequence is weakly convergent. However,
this functor can fail to be an equivalence in general.

The final part of the paper is focused on relating the theory of
filtered stacks with the “even filtration” of Hahn—Raksit—Wilson. This
filtration is very important in the theory of trace methods for algebraic
K-theory, but also has strong relations to the Adams spectral sequence.
In particular, we show that for any E.-ring spectrum R, the even
filtration of R is the filtered coherent cohomology of a certain filtered
stack Spev” R. Furthermore, based on these ideas we define an even
filtration associated to any spectral stack via descent.
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Abstract. We prove an analogue of the Gabriel-Quillen embedding theo-
rem for exact oo-categories, giving rise to a presentable version of Klemenc’s
stable envelope of an exact oo-category. Moreover, we construct a symmet-
ric monoidal structure on the co-category of small exact co-categories and
discuss the multiplicative properties of the Gabriel-Quillen embedding. For
FE an Adams-type homotopy associative ring spectrum, this allows us to
identify the symmetric monoidal oco-category of E-based synthetic spectra
with the presentable stable envelope of the exact co-category of compact
spectra with finite projective E-homology.

In addition, we show that algebraic K-theory, considered as a functor
on exact oo-categories, admits a unique delooping as a localising invariant.
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Chapter 1.1

Introduction

Exact oo-categories were introduced by Barwick in [Barl5] generalising
the notion of exact categories as introduced by Quillen in [Qui73].
Every stable co-category admits the structure of an exact oo-category
and Klemenc proves in [[Kle22] that the functor

Cat®® — Exact

sending a small stable co-category to its associated exact co-category
admits a left adjoint. Let us denote this functor by DP(—) and name
it the stable envelope. Klemenc also shows that the unit map

€ — DP(C)

is fully faithful and exhibits € as an extension-closed subcategory of
its stable envelope. However, D°(€) is manifestly a small category.
In the case of a small exact 1-category &, the Gabriel-Quillen
embedding
& — PAb(E)

lex

exhibits € as an extension-closed subcategory of a Grothendieck abelian
category. Here P2P(&) denotes the category of abelian group-valued
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left exact presheaves. See [(Qui73, Section 2], [TT90b, Appendix A],
[Bith10, Appendix A] or [K1.15, Section 2] for various treatments of
this embedding.

In this paper we establish an analogous version of the Gabriel—
Quillen embedding pertaining to exact co-categories. More precisely,
we prove:

I.1.0.1 Theorem (Gabriel-Quillen embedding theorem, [.2.0.7 and
[.2.0.11). Let € be a small exact co-category. Then the Yoneda em-
bedding € — Px(C) exhibits € as an extension-closed subcategory of
a Grothendieck prestable co-category.

Furthermore, for every pointed cocomplete oco-category D, precom-
posing with the Yoneda embedding induces an equivalence

Fun™(Pee(€), D) 2 Fun®™(€, D).

Here Piex(€) € P(C) denotes the full subcategory spanned by left exact
presheaves.

This prompts the following definition.

[.1.0.2 Definition. If € is an exact co-category, then the presentable
stable envelope of € is defined as

tex (€) 1= SD(Prex(€)).

The presentable stable envelope is the initial presentable stable co-
category with an exact functor from €. This generalises Klemenc’s con-
struction as we show that Ind(DP(€)) ~ P5t (€C), see Corollary 1.2.0.25.

We then proceed to discuss the multiplicative properties of the
Gabriel-Quillen embedding and the stable envelope functor in Chap-

ter 1.3, where we prove the following.
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I.1.0.3 Theorem (Proposition 1.3.0.7). The oo-category Exact of
small exact oo-categories and exact functors admits a symmetric
monoidal structure with unit Proj(S), the additive co-category of
finitely generated projective S-modules. Moreover, the functors

Prex: Exact — Groth and P : Exact — Prl

lex *
refine to symmetric monoidal functors.

In Chapter [.4, we focus on the co-category Syn, of E-based syn-
thetic spectra for an Adams-type homotopy associative ring spectrum
E introduced by Pstragowski in [Pst23a]. The oco-category of synthetic
spectra acts as a 1-parameter deformation of the oo-category of spectra,
with respect to the F-based Adams spectral sequence. This co-category
is originally defined as the category of additive sheaves on the site
Spfg of compact spectra whose E-homology is finitely generated and
projective as an E,-module. We prove that this has an interpretation
in terms of the presentable stable envelope of an exact oo-category.

1.1.0.4 Theorem (Theorem [.4.0.13). The oo-category Spfg of E-

finite projective spectra admits an exact structure where a sequence

X — Y — Z is exact if and only if the associated sequence on E-

homology is a short exact sequence. Moreover, there is an equivalence
Synp =~ Pj (Spfg)

lex

between the oo-category of E-based synthetic spectra and the pre-
sentable stable envelope of this exact co-category.

1.1.0.5 Remark. The authors believe that the relationship between
“synthetic”-type categories and exact categories is stronger than shown
in this paper. This may be further explored in the future.

In Chapter 1.5, we define a notion of localising invariant for exact
oo-categories and prove that every space-valued localising invariant
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deloops uniquely to a spectrum-valued localising invariant, generalising
a theorem of Cisinski and Khan for localising invariants of stable
oo-categories [CK].

In particular, this allows us to define a non-connective algebraic
K-theory functor K which enjoys the following universal property.

1.1.0.6 Proposition (Corollary 1.5.0.9). Non-connective algebraic
K-theory is the initial localising, spectrum-valued invariant under the
(suspension spectrum of the) groupoid core.

We also show that this non-connective algebraic K-theory functor
coincides with the functors defined previously by Schlichting for exact
1-categories [Sch04] and by Blumberg, Gepner and Tabuada for stable
oo-categories [BGT13a]. Finally, we prove a version of the Gillet—
Waldhausen theorem for non-connective algebraic K-theory of exact
oo-categories.

I.1.0.7 Proposition (Gillet-Waldhausen, Corollary 1.5.0.10). The
unit transformation € — DP(C) induces an equivalence

K(€) = K(D"(€))
for every exact oo-category C.

This also implies that K refines to a lax symmetric monoidal functor,
see Corollary 1.5.0.11.

Conventions

1. From this point onwards, the word “category” means “oo-category”.

2. We denote by An the category of anima/spaces/oco-groupoids/weak
homotopy types.
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3. For a small category €, we denote by P(C) := Fun(C°P, An) the
category of presheaves on € and let & : € — P(C) be the Yoneda
embedding.

4. We use the notions of Waldhausen categories and exact categories
as defined in [Barl5]. In particular, we refer to the distinguished
morphisms in a Waldhausen category € as ingressive morphisms,
and denote this subcategory by Ci,. If C is exact, we refer to
the cofibres of ingressive morphisms as egressive morphisms, and
denote the subcategory of these by Ce,.
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Chapter 1.2

The presentable
Gabriel-Quillen embedding

1.2.0.1 Definition. Let C be a small category with finite coproducts.
1. A functor X : C°° — X is additive if it preserves finite products.

2. Suppose that C;, is a Waldhausen structure on €. An additive
functor X: CP — X is left exact if it sends exact sequences to
fibre sequences.

Whenever they are defined, denote by Px(C) and P, (C) the full
subcategories of P(€) spanned by the additive and left exact presheaves,
respectively.

The category of additive presheaves Ps(€C) on a small category
with finite coproducts is an accessible localisation of P(€) [Lur09a,
Proposition 5.5.8.10 (1)]. The Yoneda embedding factors over Px(C),
and the induced functor Xy : € — Px(C) preserves finite coproducts
[Lur09a, Proposition 5.5.8.10 (2)]. The inclusion functor Px(€) — P(C)
preserves sifted colimits [Lur09a, Proposition 5.5.8.10 (4)], and the
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category Px(C) is projectively generated and presentable [Lur(9a,
Proposition 5.5.8.25].

1.2.0.2 Definition. Let i: z ~— y be an ingressive morphism in a
Waldhausen category €. Then i gives rise to a comparison map

k(i): cofib(&x(i)) = Kx(cofib(i))
in Px(€). Define the elementary acyclic associated to i as
E(i) := cofib(k(7)).

I.2.0.3 Remark. An additive presheaf on a Waldhausen category C
is left exact if and only if it is local with respect to the collection of
morphisms

{k(i) | i € €y}

1.2.0.4 Proposition. Let € be a small Waldhausen category. Then the
inclusion P, (C) C Px(€) admits an accessible left adjoint A: Px(C) —
Prex(€) which preserves compact objects. In particular, P, (C) is a
compactly generated presentable category.

The Yoneda embedding of € factors through P, (C), and the result-
ing functor X : € — P (C) preserves finite coproducts and sends
exact sequences to cofibre sequences.

Proof. Since € is small, Remark 1.2.0.3 and [Lur09a, Prop. 5.5.4.15]
imply that the inclusion functor P (€) — Px(€) admits an accessible
left adjoint. The localisation functor A preserves compact objects be-
cause the inclusion functor P, (€) C Py (C) preserves filtered colimits.
By inspection, the Yoneda embedding induces a fully faithful functor
Fiex: € = Prex(€) which preserves finite coproducts and sends exact
sequences to cofibre sequences. [
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It appears that little more can be said about ., for an arbitrary
Waldhausen category C. However, the situation improves greatly when
C is exact, as we are going to discuss in the remainder of this section.

The category Px(C€) is prestable if and only if € is additive [Lurb,
Proposition C.1.5.7]. In this case, Px(C) is a Grothendieck prestable
category in the sense that it is prestable and presentable, and filtered
colimits commute with finite limits in Py (€) [Lurb, Definition C.1.4.2].
Either as a consequence of the proof of [LLurb, Proposition C.1.5.7] or by
applying [GGN15, Corollary 2.10], the forgetful functor Q2*°: Sp., —
An then induces an equivalence -

Fun® (€, Sp.g) = Ps(€),

where the domain is the full subcategory of Fun(C°?, Sp.,) spanned
by those presheaves which preserve finite products. Note that both
limits and colimits in Fun®(C°, Sp.,) are computed pointwise. In the
sequel, we will tacitly identify Py (C) with the category of additive
Sps(-valued presheaves.

“Another way to phrase Proposition 1.2.0.4 for an exact category C

is to say that we have a semi-orthogonal decomposition

A
ker(A) |, L " Pg(C) , L7 Px(€)
A ie

where

A(X) ~ fib(X — ie A(X))

is the fibre of the unit transformation. Since filtered colimits preserve
finite limits in Sps, and ie preserves filtered colimits, the same is true
for A. In the following, we will typically suppress explicit mention of
the inclusion functors.

1.2.0.5 Definition. Let € be a category and let S be a subcategory
of €.
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1. A functor X: C°° — Ab is weakly S-effaceable if for every z € C
and £ € X(z) there exists some morphism s: 2/ — x in S such
that

() =0¢€ X(2).

2. A presheaf X : C°P — Sp. is weakly S-effaceable if m. X is weakly
S-effaceable for every k € N.

This notion allows us to give a concise description of the objects
E(7).

[.2.0.6 Lemma. Let C be an exact category and let X: C® — Sp
be an additive presheaf. The following are equivalent:

1. X is an elementary acyclic associated to some ingressive mor-
phism;

2. there exists an egressive morphism p: y — z such that

X =~ 7 cofib( K5 (p)) = coker(my &5 (y) = mo&x(2));

3. there exists a morphism f: y — z in € such that
X ~ mycofib( K5 (f)) =~ coker(my &5y (y) = mo&xn(2))
and X is weakly C.q-effaceable.
Proof. See [SW26, Proposition 3.7] for a proof. ]
I.2.0.7 Theorem. Let € be a small exact category.

1. The localisation functor A: Ps(C) — Pix(C) preserves finite
limits and P (€) is Grothendieck prestable.

2. Every discrete, weakly C.g-effaceable additive presheaf lies in
ker(A).
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3. Every object in ker(A) is weakly Ceq-effaceable.

4. The collection {E(i) };ce,, of elementary acyclics generates ker(A)
under colimits and extensions.

5. For every pointed, cocomplete category D, the restriction functor
£ Fun(Pi(€), D) — Fun™(€, D)

is an equivalence, where D is equipped with the maximal Wald-
hausen structure. Moreover, a functor € — D is exact if and
only if it preserves finite coproducts and sends exact sequences
to cofibre sequences.

Proof. Since Px(C€) is Grothendieck prestable, [Lurb, Prop. C.2.3.1]
implies that P (C) is Grothendieck prestable if A preserves finite limits.
For assertion (1), it is therefore enough to show that A preserves finite
limits.

Egressives in C are closed under pullbacks, so we obtain a quasi-
topology on € in which a covering of an object x is given precisely by an
egressive morphism z’ — x. The corresponding sheafification functor
P(C) — Sh(C) preserves finite limits [LLur09a, Proposition 6.2.2.7 &
Corollary 6.2.1.6] and restricts to a left exact localisation functor
Px(€) — Shyx(C) onto the category of additive sheaves by [Pst23a,
Corollary 2.7].

We wish to identify the full subcategory Shy(C) of additive sheaves
with the full subcategory of left exact presheaves. To do so, we use
the equivalence Py(€) ~ Fun®(€°,Sp.). For an exact sequence

4 p . . . .
x — y — 2z in €, we obtain a commutative diagram

Yo(z) 229 xo(y) —— cofib( X y(i))

N

Eo(r) 229 ko) —22 xo(2)
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The upper row is (pointwise) a cofibre sequence of connective spectra,
whereas the lower row is (pointwise) a fibre sequence of connective spec-
tra. It follows that x() is 0-coconnected. Since &y,(y) — cofib( k(7))
is a mp-surjection, the induced map on my identifies my(cofib( k(7))
with the sub-presheaf of mydy(z) given by those morphisms which
factor over p. Hence F(i) = cofib(k(7)) is discrete, and k(i) itself is
precisely the sieve associated to the covering p: y — 2. It follows that
an additive presheaf on € is a sheaf if and only if it is left exact, so
the restricted sheafification functor is precisely A: Ps(€C) — Pix(C).
This proves assertion (1). Alternatively, see [Pst23a, Theorem 2.8] for
a proof in terms of Cech covers.

Since sheafification involves only limits and filtered colimits, and
Ab C Sps is closed under both of these operations, the adjunction
A: Ps(C) 2 Piex(C) :ie restricts to an adjunction

AY: Fun®(€°P, Ab) = Fun'™(C°, Ab) : inc.

It is well-known that the kernel of A" is given precisely by the full sub-
category of weakly Ceo-effaceable presheaves [TT90b, Lemma A.7.11];
in fact, this follows directly by unwinding the explicit formula for the
sheafification functor. This proves assertion (2).

By [Lurb, Proposition C.2.3.8], the kernel of A is a localising
subcategory in the sense of [LLurb, Definition C.2.3.3]. If X is now
an object in ker(A), then AY X =~ 0 as well, so X is weakly
Ce-effaceable. Since ker(A) is a localising subcategory, we conclude
from the cofibre sequence 71X — X — myX that 751X also lies in
the kernel of A. Since 7>;X is l-connective, there exists a cofibre
sequence L '51 X — 0 — 751X, and it follows that X717, X €
ker(A). Continuing by induction, we conclude that m;X is weakly
Ceg-effaceable for every k£ > 0, so assertion (3) holds.

We proceed to prove (4). Let X € ker(A). Like every additive
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presheaf, X admits a filtration
Xo—> Xy —...— X

such that colim, X,, ~ X and cofib(X,, — X,,1) =~ @a Y &w(xa).
Since A commutes with filtered colimits, we have A(X) ~ colim,, A(X,,).

We claim that A(X,,) is (n—1)-truncated. First, A(@a Xn(xy))
0 because A preserves filtered colimits and all representables are left
exact. For n > 0, we obtain a commutative diagram of additive
presheaves

A@, S k() — 0 — AP, =" ku(wa)

! | !

@a Z”flJZE(xa) —— 00— @a E”Jig(xa)

! | !

AP, 2 ks(@a) — 0 — AP, X" &s(za))

in which all rows and columns are fibre sequences due to Px(C) and
Plex(€) being prestable. By induction, the top left term is (n — 2)-
truncated, so the top right term is (n — 1)-truncated.

Since X is a sum of representables, this shows that A(Xj) is
trivial. The chosen filtration on X induces fibre sequences A(X,,) —
A(X, 1) — A(@a ¥+ Xy (24)). The right hand term is n-truncated,
and the left hand term is (n — 1)-truncated by induction, so A(X,,11)
is n-truncated as claimed.

Thus, it suffices to show that every n-truncated object in ker(A)
can be obtained from the elementary acyclics through colimits and
extensions. This will be shown by an induction on n. For n = 0,
we have to consider a discrete and weakly C..-effaceable presheaf
A. Choose a mp-surjection f: @a X5(xy) — A. Since A is weakly
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effaceable, there exist egressives (p, ), such that f factors through
the cofibre of @a & 5(pa). The induced map further factors through

@a 7o cofib( K (pa)) by the discreteness of A. Since we have

7o cofib( X5 (pa)) =~ E(i,) for some i, by Lemma 1.2.0.6, this shows
that every discrete, weakly effaceable object admits a resolution by
objects which are sums of elementary acyclics. In particular, the sub-
category of discrete objects in ker(A) is generated by the elementary
acyclics under colimits.

For an arbitrary n-truncated object A € ker(A), there exists an
extension 7514 — A — mo(A). Since 751 A is a suspension of an
(n — 1)-truncated object, it follows by induction that 7>; A lies in the
subcategory generated by the elementary acyclics. We have just seen
that the same is true for my(A), so A itself is also generated by the
elementary acyclics under colimits and extensions.

We are left with proving the universal property claimed in (5). By
[Lur09a, Proposition 5.5.4.20], restriction along A induces an equiva-
lence

A*: Fun®(Piy (@), D) = Funl (Px(C), D),

where K := {k(i) | i € Ci,} denotes the collection of comparison maps
introduced in Definition 1.2.0.2.

Since a colimit-preserving functor f: Pg(C) — D inverts every
morphism (i) if and only if f o Xy, sends exact sequences to cofibre
sequences, we obtain a pullback square

Funﬁ?hm(ﬂ)g(e), D) —— Fun""(€, D)

| !

Fun®™(Ps(€), D) —— Fun"(C, D)

in which the top right corner denotes the category of functors preserv-
ing finite coproducts and sending exact sequences to cofibre sequences.

44



The presentable stable envelope of an exact oo-category

The bottom horizontal arrow is an equivalence by [Lur(9a, Proposi-
tion 5.5.8.15], so the top horizontal arrow is also an equivalence. Thus,
we obtain an equivalence

Fun"(Piex(€), D) = Fun""*(C, D).

In particular, if f: € — D preserves finite coproducts and sends
exact sequences to cofibre sequences, it extends to a colimit-preserving
functor F': Piex(C) — D with F o Xy, ~ f. Since XKj. is an exact
functor by construction, it follows that f sends all exact squares in € to
pushout squares in D, so f is already an exact functor of Waldhausen
categories. This shows that the inclusion Fun®(€, D) — Fun™"*(€, D)
is an equivalence, finishing the proof. ]

1.2.0.8 Remark. In general, ker(A) is properly contained in the
subcategory of all weakly Ce.-effaceable presheaves. For example, if
every morphism in € is egressive, then every presheaf is weakly Ce,-
effaceable since one can restrict along 0 — .

As direct consequences of Theorem [.2.0.7, we can prove a pre-
sentable version of the Gabriel-Quillen embedding theorem and recover
Klemenc’s stable envelope of an exact category.

1.2.0.9 Lemma. Let C be a small exact category and let
XLy x (2)

be a cofibre sequence in P, (€) with z € €. Then there exists a
commutative diagram

such that p: y — z is an egressive morphism in C.
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Proof. Denote by C the cofibre of ¢ in Pg(C). The pointwise sus-
pension Y o X acquires a canonical map c¢: ¥ o X — C which be-
comes an equivalence upon application of A. Hence cofib(c) is weakly
Ceg-effaceable by Theorem 1.2.0.7 (3). In particular, the morphism
X (2) = &Kiex(2) = cofib(c) represents an element in mo(cofib(c))(z),
and this element becomes trivial upon precomposition with some egres-
sive p: y — z. Hence K (p) lifts to a morphism K (y) =Y. O

To establish the Gabriel-Quillen embedding theorem, we will also
require Quillen’s ‘obscure axiom’.

I.2.0.10 Lemma. Let C be an exact category. Suppose that p: © — y
is a morphism in € which admits a fibre and that there exists a
morphism f: 2’ — x such that pf is egressive in €. Then p is egressive.

Proof. See [SW206, Lemma 2.5]. O

I.2.0.11 Theorem (Gabriel-Quillen embedding theorem). Let € be a
small Waldhausen category. The following are equivalent:

1. @€ is exact.

2. The category of left exact presheaves P, (C) is prestable and
the Yoneda embedding . : € — P (C) identifies € with an
extension-closed subcategory.

3. There exist a prestable category D and a fully faithful functor
C — D which identifies € with an extension-closed subcategory
of D.

Proof. Evidently, (2) implies (3), and (3) implies (1) because extension-
closed subcategories of exact categories are exact.

Suppose that (1) holds. Then Theorem 1.2.0.7 shows that K, : € —
Prex(€) is an exact embedding into a Grothendieck prestable category.
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We are left with showing that the essential image of X, is closed
under extensions and that X.: € — P (C) reflects exact sequences.

Consider a cofibre sequence Ky (2) =Y — Ko(2) with x, 2 € C.
By Lemma [.2.0.9, there exists an exact sequence

/
T —y—»z

such that p factors over Y. Since P, (€) is prestable, the resulting
commutative square

is a pushout, so Y ~ X (x Uy y) by exactness of .

Finally, consider a cofibre sequence &K (70) = FKiex(21) = FKiex(22)
in P1ex(€). Applying Lemma 1.2.0.9 once more, we find an egressive
morphism y — x5 in € which factors over ;. Since P (€) is prestable,
Fiex(T0) = Fiex(1) = Kiex(m2) is a (pointwise) fibre sequence, so
r1 — T9 admits a fibre. Quillen’s obscure axiom Lemma [.2.0.10 im-
plies that z; — x5 is an egressive morphism in €. We conclude that
K ex reflects exact sequences. O

For the sake of completeness, we also record the following property
of the Gabriel-Quillen embedding.

1.2.0.12 Proposition. Let C be a small exact category. Then C is
closed under fibres of egressives in P (C) if and only if € is weakly
idempotent complete.

Proof. The proof given in [SW26, Theorem 1.4] carries over to Piex(C).
[
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1.2.0.13 Definition. For any exact category C, define the presentable
stable envelope of € to be

fPls;fX(G) = Sp(Prex(€)).
1.2.0.14 Corollary. For every small exact category € and every pre-
sentable, stable category D, the restriction functor

Fun®(P5 (@), D) — Fun™(€, D)

lex
is an equivalence.

Proof. This is immediate by combining [Lura, Corollary 1.4.4.5] with
the universal property of P, (€) from Theorem 1.2.0.7 (5). O

1.2.0.15 Remark. Let A be a small abelian category. Then Ind(A)
is a Grothendieck abelian category (ie it is abelian, presentable, and
filtered colimits are exact), and therefore gives rise to the unbounded
derived category D(Ind(A)) as defined in [Lura, Definition 1.3.5.8].
By Corollary 1.2.0.14 and [L.ura, Proposition 1.3.5.9 & 1.3.5.21], the
exact functor A — Ind(A) — D(Ind(A)) induces a colimit-preserving
functor

w(A) = D(Ind(A)).

lex

e (A) as the category of spectrum-valued sheaves on
A with respect to the topology generated by the epimorphisms in A,
[Pst23a, Theorem 2.64] identifies this functor as the corresponding
hypersheafification functor.
We are not aware of a similar interpretation of the hypersheafifica-
tion functor in the case of arbitrary exact categories.

Interpreting P

The property of ki formulated in Lemma 1.2.0.9 deserves some
attention on its own. Our terminology is borrowed from [Sch04].
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1.2.0.16 Definition. Let € be an exact category. An extension-closed
subcategory U C C is left special if the following holds: for every
egressive morphism p: x — u with x € € and u € U, there exists a
morphism f: v — x with v € U such that the composite pf: v — u is
an egressive morphism in U.

A right special subcategory is an extension-closed subcategory
U C € such that U°P C @GP is left special.

1.2.0.17 Example.

1. Let € be an additive category with its split-exact structure and
let U be a full additive subcategory. Then U C € is left special
and right special.

2. Theorem [.2.0.11 and Lemma [.2.0.9 show that the Yoneda embed-
ding Ki: € = Piex(C) exhibits € as a left special subcategory.

3. The full subcategory of torsion groups in the abelian category of
finitely generated abelian groups is right special.

A convenient reformulation of Definition 1.2.0.16 is the following.

1.2.0.18 Lemma. For € exact and U C € an extension-closed subcat-
egory, the following are equivalent:

1. U is left special in C.

2. Every ingressive morphism i: x »— y of € with cofib(i) € U is
the pushout of an ingressive morphism in U.

Proof. Tf U is left special, we obtain for every ingressive i: x — y a
map of exact sequences

» cofib(7)

Jo

» cofib(7)

88—
QLE&——ca

'
~
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Hence the left square is a pushout. Conversely, the fibre of an egressive
p:y — w with w € U is an ingressive with cofibre in U, so we obtain
an analogous pushout square in which the right square witnesses that
U C C is left special. O

For ordinary exact categories, Keller has shown that inclusions
of left special subcategories induce fully faithful functors on derived
categories [[<el96, Section 12]. On the level of small categories, [SW26,
Theorem 1.2] provides an analogous assertion for stable envelopes of
exact categories. By considering presentable categories, the meaning
of this condition can be described a bit more explicitly. Parts of the
following proposition can also be found in [Pst23a, Proposition 2.11 &
Corollary 2.44].

1.2.0.19 Proposition. Let € be a small exact category and let U C €
be an extension-closed subcategory. Denote the inclusion functor by
7: U — €. The following are equivalent:

1. U is left special in C;

2. the restriction functor j*: P5(C) — Py(U) sends weakly Cep-
effaceable presheaves to weakly Ucq-effaceable presheaves;

3. the square
P (€) —L— Py(U)

*

(‘Plex<e) ]—> :Plex(u)
is (vertically) left adjointable, ie the base change transformation
Aug™ = J" Ae

is an equivalence;
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4. 7% Piex(C) = Prex (U) preserves colimits.

If these conditions are satisfied, the left adjoint jy: Piex(U) = Prex(C)
of 7* is fully faithful.

Proof. To show that (1) implies (2), assume that U is left special
in € and consider a weakly Ce,-effaceable presheaf X € Py (C). By
definition, there exists for every u € U and « € 7, X (u) an egressive
morphism p: z — u such that p*a = 0. Since U is left special, there
also exists a morphism f: v — x such that the composite pf is an
egressive morphism in U, and (pf)*a = 0.

Assume (2). Then j* clearly sends discrete weakly Ceq-effaceable
presheaves to discrete weakly Ues-effaceable presheaves. Since we
know that j*: Px(C) — Px(U) preserves all colimits, it restricts to the
kernels of the sheafification functors by Theorem 1.2.0.7 (4). The base
change transformation in (3) is given by the composite

A gt = Augfie Ae =~ Aivg™ Ae — 7° Ae,

where the first and last arrow are induced by the respective unit and
counit. Therefore, the base change tranformation is an equivalence
if the sheafification of the unit morphism j*(u): j* — j*ie Ae is an
equivalence. This is the case precisely if the cofibre of this morphism
lies in ker(Ay). As j*: Px(€) — Px(U) preserves cofibre sequences, it
follows that Ay j*(u) is an equivalence, so (3) holds.

To see that (3) implies (4), observe that for every diagram X : I —
Prex(€) we have

collimj*X ~ Ay collim g X ~ Ay collimj*i@X
~ Ay J” collim ieX >~ J" Ae collim 1eX

~ j*(col{imX).
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Suppose that (4) holds and consider an egressive morphism p: = — u
with z € € and u € U. Then

5 Frexfib(p)) = §* Fren(x) 2 5 X1 ()

is a cofibre sequence in P (U). Since j* K (u) is representable and
U C Prex (W) is left special by Lemma 1.2.0.9, there exists a morphism
f:v — x such that the composite pf is egressive in U. So U is left
special in C.

To conclude that j; is fully faithful under these conditions, note
that jy >~ Ae jiiy, where ji: Px(U) — Px(C) is the left adjoint to j*.
The associated unit transformation is given by the composite

id = Awiy = A ¥ i = J* Ae driv =~ 5% i,
the third arrow being the base change transformation. O

1.2.0.20 Corollary. Let C be a small exact category and let U C C
be a left special subcategory. Then there exists a recollement

VNAVEEN
PU(C) —— Prex(C) —— Prx (W)

lex

of Grothendieck prestable categories, where PL (€) denotes the full

lex
subcategory of left exact presheaves vanishing on U.

Proof. Since U is left special in €, Proposition 1.2.0.19 implies that j*
preserves colimits, so it admits a right adjoint j,: Piex(U) — Piex(C).
It follows formally that the inclusion of PY _(€) admits both adjoints,
and that these are given by

cofib(jyj* = id) and fib(id = j.j%),
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respectively. In particular, PY (€) is closed under limits and colimits,
so it is Grothendieck prestable. [

It is easy to recover Klemenc’s stable envelope of an exact category
from the presentable Gabriel-Quillen embedding.

1.2.0.21 Definition. For a small exact category €, denote by Dgo((‘f)
the smallest full prestable subcategory of Pix(€) containing the essen-
tial image of the Yoneda embedding X ... Define the stable envelope

D*(€) := SW(D2,(€))
as the Spanier-Whitehead stabilisation of D% (€C).

1.2.0.22 Remark. Proposition 1.2.0.19 directly implies [SW26, Theo-
rem 1.2]: the functor DP(U) — DP(€) is fully faithful for every left or
right special subcategory U C C.

1.2.0.23 Proposition. Let C be a small exact category and let D
be a prestable category. Restriction along € — Dgo(e) induces an
equivalence

Fun®™(D2,(€), D) = Fun™(€, D).

In particular, @;0 refines to a left adjoint functor to the fully faithful
inclusion of small prestable categories to small exact categories.

Proof. For any small exact category &, the image of an exact functor
€ — D is contained in a small prestable subcategory of D, for example
the closure of its image under finite colimits and extensions. Therefore,
we have an equivalence

colim Fun®(&, D) = Fun™(&, D)

D'CD

small prestable subcat.

which is natural in €. This allows us to assume without loss of generality
that D is small.

23



Marius Nielsen & Christoph Winges

Since D2,(C) is generated under finite colimits and extensions by
C, the square

Fun™(D%,(€), D) ———— Fun™(€, D)

| l

Fun®™(DY(€), Piex (D)) —— Fun™(C, Piex(D))

is a pullback. Since € — DY (@) is left special, the induced colimit-
preserving functor Piey (€) — Piex (D2,(C)) is fully faithful, and it is
essentially surjective since D2 (€) itself is generated by C. Tt follows
from Theorem 1.2.0.7 that the lower horizontal arrow in the above
diagram is an equivalence. [

1.2.0.24 Corollary. Let C be a small exact category and let D be a
stable category. Restriction along € — DP(€) induces an equivalence

Fun®™(D"(€), D) = Fun*™(C, D).

In particular, D refines to a left adjoint of the fully faithful inclusion
of small stable categories to small exact categories.

Proof. This is immediate from Proposition 1.2.0.23 because SW is in
particular left adjoint to the inclusion of stable categories into prestable
categories. [

1.2.0.25 Corollary. The inclusions D% — Piex and D — Pt induce
equivalences

lex*

IndoD%; ~ Pix and IndoD® ~ P

Proof. For every small exact category € and every Grothendieck
prestable category D, we have equivalences

Fun®(Ind(D2y(€)), D) = Fun™(DY(€), D) = Fun*™(€C, D)
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by Proposition 1.2.0.23. Since Ind(D2,(€)) is Grothendieck prestable, it
satisfies the same universal property as Pi,(€) by Theorem 1.2.0.7 (5).
The second equivalence follows by stabilising. [

Finally, the presentable Gabriel-Quillen embedding also allows for
an easy construction of idempotent completions of exact categories as
exact categories.

1.2.0.26 Lemma. Let C be a small exact category.

1. The Gabriel-Quillen embedding &, (C): € — Piex(€C) induces a
fully faithful functor €% — P (€) which exhibits the idempotent
completion as an extension-closed subcategory.

2. In the resulting exact structure on C?, the exact sequences are
precisely the retracts of exact sequences in C.

3. If U is an extension-closed subcategory of €, then U? is an
extension-closed subcategory of CF.

Proof. The idempotent completion of € is the retract-closure of € in
P(€). Since the Yoneda embedding factors over P (€) and retracts of
left exact presheaves are also left exact, this identifies €% with a full
subcategory of Piex(C).

Let 7 — Y — Z be a cofibre sequence in P, (C) with 7,72 € €.
Then there exist /, 2 € (*€) such that @2’ ~ z € € and @2 ~
z € C. From the cofibre sequence v — Y @2’ ® 2’ — z, we conclude
that Y is a retract of an object in € because € is extension-closed. This
argument also proves the characterisation of exact sequences in CF.

If W »— y — @ is an exact sequence with @, W € U%, then stabilising
with appropriate objects from U! as before shows that 7 € U* and
exhibits the given sequence as a retract of an exact sequence in U. [

95



Marius Nielsen & Christoph Winges

1.2.0.27 Corollary. For every exact category C and every idempotent
complete exact category D, the restriction functor

Fun™ (€%, D) — Fun™(€, D)

is an equivalence. In particular, the inclusion ExactP® — Exact of the
full subcategory of idempotent complete exact categories admits a left
adjoint

(—)": Exact — ExactP®".

Proof. This is immediate from the universal property of idempotent
completion and the characterisation of exact sequences in € given in
Lemma 1.2.0.26. O

To conclude this section, we will show that the formation of stable
envelopes preserves idempotent completeness. This can be conveniently
shown using the notion of heart structures.

I.2.0.28 Definition (Saunier [Sau, Definition 2.3]). A heart structure
on a stable category C is a pair of full subcategories (Cx¢, C<) satisfying
the following properties:

1. the subcategory € is closed under finite colimits and extensions;
2. the subcategory €<y is closed under finite limits and extensions;
3. for every object x € C there exists a cofibre sequence
T<o = T — T>1
such that z<o € C<o and T 'z € Cxo.

For k € Z, define sz = Enezg and (‘ng = Ek(ego) and GW] =
C>r N C<y. The heart of the heart structure is defined to be

Go = 6[070].
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The heart structure is bounded if

C~ U G[,k,k}.

keN

An exact functor f: € — D between stable categories with heart
structures is heart-ezact if f(C>o) € Dsp and f(C<y) C D<o.

Denote by Cat" the category of small stable categories equipped
with a bounded heart structure and heart-exact functors between them.

The key observation is the following.

1.2.0.29 Proposition (Sosnilo). Let (€, C>o, C<g) be a stable category
with a bounded heart structure. Then the following holds:

1. ((€0)%, (C<p)?) defines a bounded heart structure on €%;
2. the induced functor C¥ — (€%)? is an idempotent completion.

Proof. The full subcategory ((‘320)u is closed under finite colimits, and
(Cp)is closed under finite limits. If D C € is any extension-closed sub-
category, then D C € is also extension-closed by Lemma 1.2.0.26 (3).

Let now z € €% be arbitrary. We claim that there exists a cofibre
sequence

T<og —7 T — T>1

in C% with <y € C< (without idempotent completion) and z>; €
(€1)".

Choose y € Cf with 2@y € C. Since the heart structure on € is
bounded, there exists some k£ € Z with @y € Cs;. If £ > 1, then

0—=>2xd®y ud, x @y is a suitable cofibre sequence, so we only have to
consider k£ < 0, where we prove the claim by induction.
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Choosing a decomposition of z @y in € induces a bicartesian square

(T@Y)<o ———— @

| !

y — " (2®y)1
Set «’ := cofib((xr @ y)<o — ). Since 2Py € Cxy, we find that
r®Yx ~cofib(g+0: y®r — (2DY)>1) € Coprr-
So 2’ € (Cx441)%. By induction, 2’ admits a decomposition
iy = o = al,

with 2/, € €<, and z4, € (C>1)". Consequently, the fibre of the
composite map p: x — 2’ — x%; sits in a cofibre sequence (z @ y)<o —
fib(p) — 2’-,, which shows that fib(p) € C<,. Consequently, fib(p) —
z 5 x%, is the required decomposition.

Note that this argument can be dualised to show that every object
x € €% also admits a decomposition

T<o— T — T>1

in C‘Z“ with <0 S (ego)h and T>1 c 621.

It is immediate that (€%, (€s0)", (C<o)®) is a bounded heart category.

Note that €Y — € — €% induces a fully faithful exact functor
((‘f@)h — C%, which factors over (€%)¥ by definition of the heart structure
on C%. We have to show that the resulting functor ((?QQ)u — (CHY is
essentially surjective.

Consider first an object # € € with the property that » € (C%)°.
Then there exist y,z € € such that t®y € C5p and @z € Cxy.
Choose decompositions

Y<o =y — y>1 and z<_1 — 2 — 2>q
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with Y<o € ego, <1 € eg_l, Y>1 € 621, and Z>0 € 620. Then we
obtain cofibre sequences

Z_lyzl —2@yY<o 2@y and Dz = r@2>0 = Lz

showing that TDY<o € GZO and T®z>0 € GSO' Since Y<o € ego, it
follows that 2@ y<o® z>¢ € C<p, and similarly D y<o @ 2z>0 € Cxo
because zsg € Csg. Hence z is a summand of an object in €Y.

Given an arbitrary x € (€%)%, choose y € €% such that x®y € Cq
and pick a cofibre sequence y<_; = y — y>o with y<_1 € €<y and
Yso € (ng)h. Adding the cofibre sequence 0 — =z 19 2, it follows
that z@®yso € C. Moreover, @D yso € (€s0)* because z € (Cso)* by
assumption. Now pick a cofibre sequence

(Y>0)<0 = Y0 = (¥>0)>1

with (y20)<0 € (€<o)* and (y>0)>1 € Cx1. Then (y20)<o € (€47, and
the induced cofibre sequence

T@®(Y>0)<0 = TBY>0 — (Y>0)>1

shows that 7 @®(y=0)<o € €N (CH)¥. By the preceding paragraph, this
implies that 2 @(y0)<o is a retract of an object in €%, which implies
that z itself is a retract of an object in CY. ]

This allows us to generalise [BS01, Theorem 2.8] from exact 1-
categories to arbitrary exact categories.

1.2.0.30 Corollary. The exact functors DP(C) — Db((f)h induced by
the universal property of the stable envelope assemble to a natural
equivalence

Db o (—)IJ = (—)h o DP.
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Proof. There is a commutative square

CatP™ — 5 ExactPe!

! l

Cat® ——— Exact

in which Exact”® denotes the full subcategory of idempotent complete
exact categories, and all arrows are the obvious inclusion functors. The
bottom horizontal functor admits a left adjoint by Corollary 1.2.0.24, so
it suffices to show that DP(C) is idempotent complete if € is idempotent
complete.

For any exact category C, the induced functor D®(€)% — (ﬂb(@)u)QQ
is an idempotent completion by Proposition 1.2.0.29. Since € is idempo-
tent complete, it follows from [SW26, Theorem 1.6] that DP(€)% ~ € is
idempotent complete, so DP(€)Y — (Db(e)”)@ is an equivalence. Invok-
ing [SW26, Theorem 1.6] a second time, it follows that D*(C) — @b(@)h
is an equivalence as required. [
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Tensor products of exact
categories

In this section, we use the Gabriel-Quillen embedding to show that the
internal hom of exact categories admits a left adjoint. The resulting
tensor product of exact categories refines to a symmetric monoidal
structure on the category of small exact categories. Moreover, we
show that both the Gabriel-Quillen embedding and the stable envelope
construction admit symmetric monoidal refinements.

Let us first recall the internal hom of exact categories.

1.3.0.1 Definition. Let € and D be small exact categories. Define a
morphism 7: F' = G in Fun®™(C, D) to be ingressive if the component
7,1 F(z) — G(z) is ingressive in D for all x € C.

I.3.0.2 Lemma. The pair (Fun®™(C, D), Fun®™(C, D);,) is an exact
category.

Proof. Let v: F = G be ingressive in Fun®(C, D). The cofibre H :=
cofib(¢) exists in Fun(C, D), and we have to show that it is exact. If
i: x — y is ingressive in €, then both ¢, and teofin;) are ingressive, so
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[SW26, Lemma 2.4] implies that the square

Flz) —s G(a)
F(i)I IG(i)
F(y) —— G(y)

is Reedy cofibrant in the sense that F(y) Up) G(z) — G(y) ingres-
sive. Applying [SW26, Lemma 2.4] a second time, it follows that
H(i): H(x) — H(y) is ingressive in D. Since colimits commute, the
functor H also preserves pushouts along ingressives, so it is exact.
Moreover, the sequence F = G = H is also a fibre sequence because
it is so pointwise.

It follows formally that every span Fy < Fy = F} with ¢ ingressive
admits a pushout, that the induced morphism £y, = F, Ug, F} is
ingressive, and that the resulting square is also a pullback.

Suppose now that Fy = F, = F, is a cofibre sequence with ¢
ingressive and let 7: G = F; be arbitrary. Then the pullback G x g, F}

exists and fits into a cofibre sequence Fjy é; G X g, F| = G such that //
is ingressive. Since the category Fun®™(C, D) is evidently additive, it
follows that Fun®(C, D) is exact. O

I.3.0.3 Remark. The exact structure of Lemma [.3.0.2 has the prop-
erty that currying induces an equivalence

Funbiex(el x Cy, D) ~ Fun®™(Cy, Fun®™(C,, D)),

where the left hand side denotes the category of functors which are
exact in both variables.
In particular, for D Grothendieck prestable we obtain equivalences

Funbiex(@1 X 827 D) ~ FunL(iPlex(el)a FunL(?leX(62)7 D))
~ Fun®(Pex(C1) ® Piex(C2), D).
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Remark 1.3.0.3 already hints at what the construction of the tensor
product should be.

1.3.0.4 Construction. Let € and D be small exact categories. The
composite

& lex

y: Cx D T Fes g (@) x Pree(D) — Prox(€) @ Prex (D)

defines a biexact functor whose target is Grothendieck prestable by
[Lurb, Theorem C.4.2.1].

Denote by C®D the smallest extension-closed subcategory of
Prex(C) ® Piex (D) containing the essential image of y. By construc-
tion, the functor y induces a biexact functor

t:CxD—=-CRD.

The following statement is the main ingredient in showing that this
tensor product satisfies the desired universal property.

1.3.0.5 Proposition. The functors
I: Piex(C®D) = Prex(€) @ Prex(D)

induced by the inclusion i: C® D — Pix(C) ® Piex (D) and the functor
T: Piex(€) @ Prex(D) = Piex(C® D)

induced by K o0t: € XD — Py (C® D) are mutually inverse equiv-
alences.
Moreover, restriction along ¢ induces an equivalence

Fun®™(C®D, &) = Fun"™(€ x D, &)
for every exact category €.
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Proof. By construction, I o T ~ id because y ~ i o t.

Since T is colimit-preserving and C® D is closed under extensions
in P, (C®D), the preimage T~ (C®D) is an extension-closed sub-
category of Piex(C) ® Piex (D). From the definition of CQ D, it follows
that i(C®D) C T HCR®D), ie Ti ~ X f for some endofunctor f of
C®D. Hence

i ITi~ T X f > if.

Since ¢ is fully faithful, it is a monomorphism in Cat, so f ~ id. It
follows that T% ~ X.., which implies that T'I ~ id.
Now consider the commutative square

Fun™(C®D, &) ——— Fun"™*(C x D, &)

| l

Fun®™(C® D, Piex(€)) —— Fun" (€ x D, P, (€))

The vertical arrows are induced by X, and therefore fully faithful.
If an exact functor CRD — P (€) restricts to a biexact functor
Cx D — €&, its essential image is contained in &€ since € is closed under
extensions in P (€). Hence the above square is a pullback.

The restriction map at the bottom identifies with the equivalence

Fun®(Piey (€) ® Prex (D), Prex(€)) =~ Fun"™(€ x D, P (€))
of Remark 1.3.0.3. ]

It is now fairly straightforward to construct a symmetric monoidal
structure on Exact.

I.3.0.6 Construction. Let Pair denote the category of small categories
C equipped with a choice of wide subcategory Cy. This category admits
finite products, and therefore carries the cartesian symmetric monoidal
structure Pair™.
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Define Exact® to be the suboperad of Pair® determined by the
following properties:
1. objects in the underlying category are small exact categories;

2. morphisms (€1, Cy ) X ... X (C,, Chin) — (€, Ciy) correspond to
functors G; x ... x G,, — € which are exact in each variable.

1.3.0.7 Proposition. Let O be an operad.

1. The operad Exact® determines a symmetric monoidal structure
on Exact with unit object Proj(S).

2. The functors
DY, : Exact — Cat™™" and D": Exact — Cat™
refine to symmetric monoidal functors.

3. For every O-monoidal exact category €, the inclusion functor
C— Dgo(e) refines to an O-monoidal exact functor such that
precomposition with this inclusion induces an equivalence

Fung (D2,(€), D) = Fung (€, D)

for every small, prestably O-monoidal category D. The analogous
assertion for DP(€) and small, stably O-monoidal categories D
holds as well.

4. The functors
Prex: Exact — Groth and P : Exact — PrSLt

lex *

refine to symmetric monoidal functors.
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5. For every O-monoidal exact category C, the Yoneda embedding
refines to an O-monoidal functor € — P (€) such that precom-
position with this embedding induces an equivalence

Fung (Piex(C), D) = Fun (€, D).

for every O-monoidal Grothendieck prestable category D. The
analogous assertion for P5' (€) presentably O-monoidal stable

lex

categories D holds as well.

Proof. By construction, Exact is the underlying category of the operad
Exact®. Proving that Exact® is a symmetric monoidal category reduces
to showing that the category of biexact functors with source € x D has
an initial object, which follows from Proposition 1.3.0.5. Since Proj(S)
is the additive category freely generated by a point, it follows that

Fun®™(€ ® Proj(S), D) ~ Fun®(Proj(S), Fun®™(€, D)) ~ Fun®*(€, D),

which shows that Proj(S) is a unit object. This proves assertion (1).

By definition, (Cat”™*")® and (Cat™)® are the full suboperads of
(Cat™)® spanned by the prestable, respectively stable, categories.
In particular, both identify with full suboperads of Exact®, mak-
ing the inclusion functors Cat® — Cat™*' — Exact lax symmetric
monoidal. The left adjoint SW ~ Sp“® —: Cat”™*" — Cat™ canoni-
cally refines to a symmetric monoidal functor, and the left adjoint D2,
comes equipped with a unique oplax symmetric monoidal structure by
[Hau+23, Proposition A]. By comparing universal properties, one finds
that D2, (Proj(S)) — Sp%y and D2;(C1®C2) — DY(C1) ® DY, (Cs)
are equivalences, so DY is in fact symmetric monoidal, proving asser-
tion (2). -

It follows that the adjunction D, : Exact = Cat™*" : inc induces
an adjunction -

Alg,(Exact) = Alg, (Cat”™)
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for every operad O. Unwinding what this statement means for the
unit € — DY, (€) yields assertion (3). For the statement about € —
DP(€), one uses that the Spanier-Whitehead stabilisation functor
SW ~ Sp“ ® — is a symmetric monoidal left adjoint to the inclusion
of stable categories into prestable ones.

By [Lura, Proposition 4.8.1.3, Remark 4.8.1.8 & Proposition 4.8.1.15],
the ind-completion functor Ind: Cat™™ — Pr! admits a symmetric
monoidal refinement. The lax symmetric monoidal composition

inc

'Db
Ind
Exact —% CatP™t 2% Cat™™ 2% prl

factors over the full suboperad Groth® of (Pr™)®. Since Ind oD, ~
Prex by Corollary 1.2.0.25, this provides a lax symmetric monoidal refine-
ment of Piex. The universal property of Pje from Theorem 1.2.0.7 (5)
implies that P : Exact — Groth is symmetric monoidal. The sta-
bilisation functor Sp(—) ~ Sp® —: Groth — Pr’ is also symmetric
monoidal, so P}t carries an induced symmetric monoidal structure.

This proves assertion (4).
For the last assertion, note that the restriction functors

Funlé(iPleX(C?), D) ~ Fun(I;)(Ind('D;O(G)), D)
— Fung(D2,(€), D)
— Fung' (€, D)

are equivalences due to [LLura, Proposition 4.8.1.10] and the version
of assertion (4) for large categories. By virtue of Proposition 1.2.0.23,
the large version of DY, coincides with its small incarnation on small
categories, proving the desired universal property.

The analogous claim for P§* follows since the stabilisation functor

Sp® —: Pr” — Prk is symmetric monoidal. [

For a fixed exact category D, the functor — ® D need not preserve
fully faithful functors: for example, —®Sp“ ~ DP(—). However, it
does preserve inclusions of left special subcategories.
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1.3.0.8 Corollary. Let U be a left special subcategory of a small exact

category C. Then for every small exact category D, the induced functor
UR®D - CRD

exhibits the domain as a left special subcategory.

Proof. Proposition 1.2.0.19 asserts that ji: Piex(U) = Piex(C) is a left
adjoint in Pr". Consequently, the induced functor

jy ®id
iPlex (u) ® :P16X<D) ]h—> :PIGX<G) ® :Plex(D)
on Lurie tensor products is fully faithful and left adjoint in Pr". Since

Plex 18 symmetric monoidal by Proposition 1.3.0.7, this implies that
U® D is left special in CQ D, again by Proposition 1.2.0.19. [
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Chapter 1.4

The example of synthetic
spectra

In this section, we explain in which sense Pstragowski’s categories of
synthetic spectra are presentable stable envelopes of exact categories.
This was first pointed out to the authors by Robert Burklund.

1.4.0.1 Definition (Pstragowski [Pst23a, Definition 2.3]). An additive
site is a small site C such that the underlying category is additive and
such that every covering consists of a single morphism.

1.4.0.2 Definition (Pstragowski [Pst23a, Definition 3.13]). Let F
be a homotopy associative ring spectrum. We say that a spectrum
X is E-finite projective if it is finite and E,X is a finite projective
E.,-module. We denote the full subcategory of spectra spanned by
E-finite projectives by Spfg.

1.4.0.3 Example (Pstragowski [Pst23a, Proposition 3.23]). If E is a
homotopy associative ring spectrum, one can define a Grothendieck
topology on Sprp where coverings consist of a single morphism x — y
such that E,x — E.,y is surjective. The category Spfg of E-finite
projectives forms an additive site.
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1.4.0.4 Proposition. There is an isomorphism of posets

{coWaldhausen structures on €} = {Addltlve quasi-topologies on (‘3}

such that x — 0 is a covering

which associates to a coWaldhausen structure the quasi-topology for
which a covering is precisely an egressive morphism.

Proof. Every coWaldhausen structure defines a quasi-topology in the
specified way because egressive morphisms form a subcategory and are
closed under pullbacks along arbitrary maps. Declaring the coverings
of an additive quasi-topology to be egressive defines a coWaldhausen
structure if x — 0 is a covering for all z € C. By inspection, these
assignments are mutually inverse. ]

1.4.0.5 Remark. It is currently unknown to the authors whether there
is some (non-tautological) condition one can put on an additive site
such that the coWaldhausen structure of Proposition [.4.0.4 is exact.

1.4.0.6 Theorem (Pstragowski [Pst23a, Theorem 2.8]). Let € be an
additive site. An additive presheaf X € Py(C) is a sheaf if and only
if for every fibre sequence F' — B — A where B — A is a covering,
the induced sequence X (A) — X (B) — X(F) is a fibre sequence of

anima.

1.4.0.7 Corollary. Let € be an exact category. A functor X € Py(C)
is a left exact presheaf if and only if it is a sheaf for the egressive
topology defined in Proposition 1.4.0.4. In particular, we get that

'Plex((‘f) = ShVZ ((‘3) .

1.4.0.8 Remark. The fact that P (C) = Shvy(C) was already shown
as part of proving Theorem [.2.0.7. We reiterate it here to make the
connection to the theory of additive sheaves on additive sites more
visible.
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1.4.0.9 Definition (Pstragowski [Pst23a, Definition 3.14]). Let E be
a homotopy associative ring spectrum. We say that E is Adams-type if

1. E can be written as a filtered colimit colim, E, ~ E such that
2. every F, is E-finite projective and the canonical map
E*E, — Homg, (E.E,, E,)
is an isomorphism.

1.4.0.10 Definition ([Pst23a, Definition 4.1]). An E-based synthetic
spectrum is an additive sheaf of spectra on the site Spfg with the
topology described in Example [.4.0.3. We denote the category of
E-based synthetic spectra by Syng. If y: Spg’ — ShvE(SprE) denotes
the Yoneda embedding into the category of additive sheaves of spaces,
then we let v: Spfg — Syny be the composite of y with

% Shvy(Sp?) — ShviP(Sp) =: Syn,, .
We name the composite the synthetic analogue.

1.4.0.11 Remark. One can show that the synthetic analogue extends
to a functor v: Sp — Syny on all spectra. Usually, it is this functor
which is called the synthetic analogue. However, for this note only the
above restricted version is necessary.

1.4.0.12 Theorem (Pstragowski [Pst23a, Proposition 4.2]). The cate-
gory of E-based synthetic spectra is a presentably symmetric monoidal
oo-category generated by the image of the synthetic analogue.

We will now explain how Theorem 1.4.0.12 also follows from the
results of Chapter [.2.
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1.4.0.13 Theorem. Let E be a homotopy associative ring spectrum
of Adams-type. Then the coWaldhausen structure determined by the
additive site Spfg defines an exact category. Furthermore, the synthetic
analogue induces a symmetric monoidal equivalence
f
Syng =~ Pie(Spg)-

Proof. To see that the coWaldhausen structure defines an exact struc-
ture on Spfg, it suffices to prove the following:

1. The category Spfg is additive.

2. If f - x — y is a fibre sequence and x — y is egressive, and
f — z is any map in Spfé’, then the pushout x @ 2 exists, and
there exists an egressive map x @y z — w such that

2= T@®z—>w
f

is a fibre sequence.

3. If f— o — yis a fibre sequence and = — y is egressive, then it
is also a cofibre sequence.

Property (1) is clear.

Ad (2): Suppose f — x — y is a fibre sequence and f — z is any
map. We first argue that the pushout @y 2 exists in Spfbﬁ’. We know
from [Pst23a, Lemma 3.21] that every object in Sprp is dualisable, with
dual given by the Spanier—-Whitehead dual. Spanier—-Whitehead duality
takes maps which are injective on E-homology to maps which are
surjective. In particular, since Dx — D f is surjective, it follows that
Dxx psDz is E-finite projective and thus so is D(Dx X prDz) >~ @y z.
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Now, consider the diagram

f > T > Y

| I

2 —— 2@z — cof(z = 2Py 2).

Since the composite + — 2@z — cof(z — x @y z) is surjective on
E-homology, it follows that so is x @ z — cof(z — x @y 2). It is clear
that

z— x@f—)z — cof(z — x@f—)z)

is a fibre sequence.

Ad (3): Let f — x — y be a fibre sequence. Note that it is a fibre
sequence in Sp, and hence a cofibre sequence Sp. It follows that it is a
cofibre sequence in Spfbg.

The synthetic analogue v: Spfg — Syny, refines to a symmetric
monoidal functor by [Pst23a, Corollary 2.29 & Lemma 3.21]. Us-
ing [Pst23a, Proposition 4.2] and Proposition 1.3.0.7 (5) provides a
symmetric monoidal, colimit-preserving functor

Pt (Sp) — Synj, .

lex
Due to Theorem 1.4.0.6, the underlying functor is an equivalence. [

1.4.0.14 Remark. As a result of Theorem [.4.0.13, Theorem 1.4.0.12
may be regarded as a special case of Theorem [.2.0.11 and Proposi-
tion 1.3.0.7.

1.4.0.15 Remark. It also follows from [Pst23a, Lemma 4.23] that
Spfg forms an extension-closed subcategory of Syny. This provides
an alternate proof of Theorem 1.4.0.13, but would make the entire
discussion circular.
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Chapter 1.5

Localising invariants

As another application of our results, we will now introduce a fairly
natural notion of localising invariants for exact categories and show that
it passes the obvious sanity checks: every localising invariant valued
in connective spectra deloops uniquely to spectrum-valued localising
invariant, and algebraic K-theory is the universal localising invariant
under the groupoid core.

1.5.0.1 Definition. Call a reduced functor F': Exact — X

1. left localising if for every left special subcategory inclusion U C €
the induced square

is a pullback.

2. right localising if F o (—)°P: Exact — X is left localising.
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Denote by Fun'¢(Exact, X) and Fun"°(Exact, X) the full subcate-
gories of the functor category Fun(Exact, X) spanned by the left local-
ising and right localising functors, respectively.

1.5.0.2 Remark. Since € — €7 is the inclusion of a left special sub-
category, it follows that left (or right) localising functors are invariant
under idempotent completion.

I.5.0.3 Lemma. Let U be a left special subcategory of an exact
category C. Then

DO (W)* — D°(C) — DP(E/U)’
is a Karoubi sequence of stable categories.

Proof. The induced functor DP(U) — DP(€) is also fully faithful by
Remark 1.2.0.22. Since DP: Exact — Cat™ is left adjoint by Corol-
lary 1.2.0.24,

D*(U) — D*(€) — D°(C/U)

is a cofibre sequence of stable categories. Taking idempotent comple-
tions yields a Karoubi sequence. [

1.5.0.4 Corollary. The functor
K o(—)": Exact — Spso
is both left and right localising.

Proof. Since K-theory is invariant under taking opposites (see eg [Bar15,
Corollary 5.16.1]), it suffices to prove that K O(—)h is left localising.

The localisation theorem for stable categories and Lemma 1.5.0.3
together imply that

K(DP(U)*) — K(D"(€)F) — K(D"(C/U)’)
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is a fibre sequence of connective spectra. Since DP commutes with
idempotent completion by Corollary 1.2.0.30, the Gillet—Waldhausen
theorem in connective K-theory [SW26, Theorem 1.7] implies that
K o(—) is left localising. N

We are now able to prove the following variant of [CI{, Theo-
rem 4.4.3]. Note that our argument differs from loc. cit. because
instead of the Bass delooping we deloop by tensoring with the “Calkin
category” of the sphere. While we consider this construction to be
well-known to the experts (at least in the case of stable categories),
we are not aware of a citable source in the literature for this type of
argument.

1.5.0.5 Theorem.

1. If X is a pointed and finitely complete category, then the cat-
egories Fun'**(Exact, X) and Fun"*(Exact, X) are stable. If X
admits filtered colimits and these commute with finite limits, the
same is true for the full subcategories of finitary functors.

2. If Y is a stable category with a right complete t-structure, then
taking connective covers induces equivalences

Ts0: Fun"(Exact,Y) — Fun"**(Exact, Yso)

and
Ts0: Fun"*(Exact,Y) — Fun™(Exact, Yso).

If Y<o is closed under filtered colimits, the same is true for the
subcategories of finitary functors.

Proof. Precomposition with (—)°P induces an equivalence between the
categories of left localising and right localising functors, so we only
have to consider left localising functors.
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Since Fun'¢(Exact, Xso) is pointed and has finite limits (which
are computed pointwise), stability follows once we show that Q is
invertible.

Let F be the additive category of countably generated projective
S-modules. This contains the category Proj(S) of finitely generated
free S-modules as a full additive subcategory. Set Q := F/ Proj(S). By
Corollary 1.3.0.8, we obtain for every left localising functor a natural
fibre sequence

F(-)—= F(-®%) - F(—-®9)

because the tensor product commutes with colimits in both variables.
Since F admits a functorial Eilenberg swindle, the same is true for CQ F
for any exact category €. Hence QF(—® Q) ~ F. Since precomposition
with —® Q and postcomposition with €2 commute, this shows that €2
has both a left and a right inverse.

If filtered colimits commute with finite limits, then the loops functor
on finitary, left localising functors is still given by pointwise application
of €. Since —® Q commutes with colimits, it follows that the finitary,
left localising functors form a stable subcategory of all left localising
functors.

The statement about left localising functors Exact — Y is immedi-
ate from the stability of Fun'**(Exact, Y=¢) since

Fun'*(Exact, Y) ~ Fun'*(Exact, h{rzn Y>0)

~ liSI)n Fun'(Exact, Y>),

where limg, denotes the sequential limit over iterates of the loops functor.
Moreover, observe that any left localising functor F': Exact — Y
satisfies

F ~ colim 7>, F =~ colim Q"75¢X"F ~ colim Q"5 F (— ® Q®")

n
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by right completeness of the t-structure and the preceding discussion.
If 7> preserves filtered colimits, it follows that F' is finitary if and only
it 7>¢F is finitary. O

1.5.0.6 Remark. Let X be a stable category with a right complete t-
structure and let F': Exact — X5( be a left localising functor. Suppose
that there exists a natural equivalence F' o~ F o (—)°. Then F' is both
left and right localising, so there exist two a priori different deloopings
Flo¢ and Fr°¢ of F as a left localising and right localising functor,
respectively.

However, F™°¢ o (—)°P is by definition a left localising invariant
satisfying

T500 FM0 (=)P ~ F o (=) ~ F,

so Frlec ~ pllee T particular, such a functor admits a unique delooping
which is both left and right localising and is invariant under taking
opposite categories. Note, however, that this identification does depend
on the choice of equivalence F' ~ F o (—)°P.

1.5.0.7 Definition. Define the non-connective algebraic K-theory
functor
K: Exact — Sp

as the (left or right) localising functor satisfying 7oK ~ K o(—)h.
1.5.0.8 Proposition.

1. The functor K coincides with Schlichting’s non-connective al-
gebraic K-theory functor on exact 1-categories introduced in
[Sch04].

2. The functor K coincides with the non-connective algebraic K-
theory functor on stable categories defined by Blumberg, Gepner
and Tabuada in [BGT13al.
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Proof. The proof that Schlichting’s delooping coincides with the canon-
ical one amounts to an alternative argument for Theorem [.5.0.5 using
a generalisation of Schlichting’s construction.

Let € be an exact category. Define F€ C P1(C) as the full
subcategory on those objects which are equivalent to a sequential
colimit

leex<x0) - leex(‘rl) - J:lex(xQ) —

along (images of) ingressives in C. In the following, we will omit the
Yoneda embedding X ., from notation.

To show that FC is extension-closed, consider a cofibre sequence
X = Y & Z and choose diagrams xy — x1 — xy — ... and
29 — 21 — 29 — ... whose colimits are X and Z, respectively. Pulling
back the filtration of Z along p, we obtain a diagram

YXZZO—>YXZ,21—>YXZZQ—>...
whose colimit is Y. For fixed n, we have a cofibre sequence
X =>Y Xz2,— 2.

Since C is left special in P, (€), there exists a pushout

y:z>—>yn

| !

X —— Y Xz 2,

with y/, — v, ingressive in €. Since X =~ colim, z,, the morphism
y,, — X factors over some xy, , and we conclude that

Y X7z, >~ colim (x U, .
Z ~n ey ( k “yr, yn)
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Without loss of generality, we may assume that the sequence (k,), is
strictly increasing. This presents Y as the colimit of a diagram

c’g)zlg)n (xk Uy, yg) — CI?zlﬁn (xk Uy, yl) — clg)zlin (xk Uy yg) — ...
We define another sequence (l,,),, by induction. Set Iy := ko. Assuming
l,, has been defined, choose l,,,1 > [, such that

lny1 > min{k | k > knqq and 2, Uy yn — kcg]lim (g Uyt s Ynt1)
ZRn+1

factors over ., Uy . Yny1}-
Then the objects a, := x;, Uy y, assemble into a directed system
ag —> a1 —> Ay —> ...

Each connecting map in this system fits into a diagram of exact
sequences

xy, > ay, > Zn

Ll

T " Qpy1 T Zp4l

n+1

Since the two outer vertical arrows are ingressive as indicated, the
middle vertical is also ingressive. Taking the colimit of these diagrams
over n, we obtain a cofibre sequence

colim z;, — colim a,, — colim z,
n n n

which maps to the exact sequence X — Y — Z. Since this trans-
formation is an equivalence on the two outer terms, it follows that
Y ~ colim, a,. Hence FC is an extension-closed subcategory of Pjex(C).

Since C is left special in P (C), it is also left special in FC. De-
note by Q€ := FC/C the quotient exact category. Then we obtain a
functorial fibre sequence

K(€%) — K((FC)") — K((Qe)%)
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by Corollary 1.5.0.4. As in the proof of Theorem 1.5.0.5, it follows that
K(€) ~ colim Q" K((Q"€)%) ~ colim Q2" K(Q"C)),

where the second equivalence is a consequence of the cofinality theorem
[Barl6, Theorem 10.11].

In the case of an exact 1-category, FC is exactly the “countable
envelope” used in [Sch04, Section 3], see also [Kel90, Appendix B]. Tt
follows from [Sch04, Lemma 3.2] and [Win, Theorem 3.12] that the
quotient exact category Q is an exact 1-category, so this construction
reproduces precisely Schlichting’s definition of non-connective algebraic
K-theory in [Sch04].

For € a stable category, FC coincides with the full subcategory of
N;-compact objects in Ind(C) because every countable filtered diagram
receives a cofinal functor from the poset N. Hence, this construction
simultaneously reproduces the construction of non-connective algebraic
K-theory from [BGT13a, Section 9. O

1.5.0.9 Corollary. Non-connective algebraic K-theory is the initial
left localising, Sp-valued invariant under »°°..

Proof. Observing that every left localising invariant is in particular
additive, this follows from Theorem [.5.0.5 and the universality of
K (see eg [HLS23, Theorem 5.1]): for every left localising invariant
F': Exact — Sp, we have

Nat(K, F') ~ Nat(K, 750 F') ~ Nat(X°, 750 F) ~ Nat(X°, F). O

1.5.0.10 Corollary (Gillet—Waldhausen). Let X be a stable category
with a right complete t-structure and let F': Exact — Xso be a left
localising invariant.

1. If the unit transformation € — D"(€) induces an equivalence
F(€) — F(DP(@)) for all exact categories €, then the same is
true for the non-connective delooping of F'.
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2. Assume in addition that X<, is closed under filtered colimits and
that F is finitary. Then F(€) — F(DP(€)) is an equivalence for
every small exact category C.

3. The unit transformation induces an equivalence
K(C) = K(D"(€))
for every exact category C.

Proof. Lemma 1.5.0.3 and Remark 1.5.0.2 imply that F o D" is left
localising, so the first assertion follows by observing that taking con-
nective covers of left localising X-valued functors is conservative by
Theorem 1.5.0.5.

For the second assertion, the inclusion € — DY (€) is left special by
Lemma 1.2.0.9. Since DY,€ is generated by € under finite colimits, the
quotient of D2, (€) by € is trivial. It follows that F(€) — F(D%,(C))
is an equivalence because F' is left localising. Moreover, F is invariant
under Spanier—Whitehead stabilisation because it preserves filtered
colimits.

The assertion about algebraic K-theory follows by combining the
first and second assertion with Corollary 1.5.0.4. [

1.5.0.11 Corollary. The non-connective algebraic K-theory functor
K: Exact — Sp

admits a lax symmetric monoidal refinement.

Proof. Non-connective algebraic K-theory is known to refine to a lax
symmetric monoidal functor Cat™ — Sp by [BGT14, Corollary 1.6];
note that loc. cit. speaks about the same functor as we do by Proposi-
tion 1.5.0.8. Since DP is symmetric monoidal by Proposition 1.3.0.7 (2),
the corollary follows from Corollary 1.5.0.10. 0
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Part 11

The formal spectrum of a
tensor-triangulated category
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Abstract. To any essentially small tensor-triangulated category X and
Thomason subset ¥ C Spc(K) we associate a ringed space (Spf(X,Y),
Ospf(x,v)), called the formal spectrum of (X,Y’). We establish basic proper-
ties of this construction and compute it in several examples from algebraic
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Chapter I1.1

Introduction

Tensor—triangular geometry packages a tensor—triangulated category
into a geometric object via the Balmer spectrum [Bal05]. Concretely,
if K is an essentially small tt-category (or a 2-ring in our terminology),
then its Balmer spectrum Spc(XK) is a spectral space. Its topology
has a basis of closed sets given by supports of objects in K, and it
carries a natural structure sheaf Og,cx) valued in graded rings. When
K = Dyc(X) for a quasi-compact and quasi-separated (qcqs) scheme
X, one recovers X as a locally ringed space from (Spc(XK), Ogpe(x)); see
Example 11.3.0.20. This is Balmer’s reconstruction theorem [Bal02],
relying crucially on Thomason’s classification of thick tensor ideals in
De(X)¢ [Tho97].

In classical algebraic geometry, passing from a scheme X to its
formal completion Xy along a closed subset Y isolates the infinitesimal
neighborhood of Y and remembers all nilpotent thickenings at once.
This is preferable whenever a problem is intrinsically local around Y,
and it is natural to ask for an analogue in tensor—triangular geometry.
For example, the K (n)-local stable homotopy category is obtained from
the F(n)-local category by a process resembling adic completion (see
the formulas in [HS99, Proposition 7.10]), and it morally behaves like a
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“residue field”. One might therefore expect its spectrum to be a single
point. However, in tt-geometry one must work with essentially small
subcategories, and the compact objects in the K (n)-local category
do not contain the unit (hence do not form a tt-category), while the
spectrum of dualizable objects is, perhaps, unexpectedly large [BHN22].

The goal of this paper is therefore to develop a formal analogue
of the Balmer spectrum. Given an essentially small tt-category' K
and a Thomason subset Y C Spc(XK), we define the formal spectrum
Spf(XK,Y") to be a ringed space whose underlying topological space is
Y, equipped with a completed analogue of Balmer’s structure sheaf;
see Definition I1.5.0.1 for the complete definition. Roughly speaking,
Spc(X) plays the role of Spec(R), and Spf(XK,Y’) is an analogue of the
formal spectrum Spf(R, I) of a ring R along an ideal I (see Defini-
tion I1.2.0.1 for our conventions on formal spectra of rings, which differ
slightly from some standard sources).

In the classical case, it is straightforward to check that the comple-
tion map R — R} induces an isomorphism of formal schemes

Spf(R}, IR}) =5 Spf(R, I).

An analogue holds in the tt-world, although the proof is more deli-
cate. Since Bousfield localization is most naturally formulated in the
presentable setting, it is convenient to pass from an essentially small
XK to the associated stable homotopy theory € := Ind(X). Inside C
we can form the completion at Y C Spc(K), obtaining a full subcate-
gory @y of Y/—g)mplete objects together with a symmetric monoidal
localization (—),-: C — Cy. Unlike categories usually considered in
tensor—triangular geometry, @y is typically not rigidly-compactly gen-
erated. Our first main result identifies the formal spectrum computed

IFor technical reasons, we work with stable co-categories throughout; see
Remark 11.3.0.3.
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from the dualizable objects of @y with the original definition in terms
of (K,Y).

Theorem A (Theorem [1.5.0.14). Let X be a 2-ring and let Y C Spe(K)
be a Thomason subset. There is a natural isomorphism of ringed spaces

(¢, 7)1 Sp(CY, ™! (V)) — Spf(K,Y),
where ¢ = Spc((/—\)y) is the map on Balmer spectra induced by com-
pletion.

This result is fundamental for us: the left-hand side is often the
conceptual object of interest, while the right-hand side is typically easier
to compute. For the remainder of this introduction, we abbreviate the
left-hand side to Spf(€%), suppressing the implicit Thomason subset

e N (Y).

kK ok

A basic computation in tt-geometry is the Hopkins—Neeman the-
orem: for any commutative noetherian ring R one has a canonical
identification Spc(D(R)¢) = Spec(R), under which tt-support agrees
with ordinary (homological) support. Since formal completion in alge-
braic geometry is taken along a closed subset, we fix an ideal I C R
and consider the closed subset V(I) C Spec(R) = Spc(D(R)¢). Our
formal spectrum recovers the usual affine formal scheme:

Theorem B (Theorem 11.6.0.3). Let R be a commutative noetherian
ring and I C R an ideal. There is a natural isomorphism of formal
schemes

p: Spt(D(R)",V(I)) = Spi(R, ).

Consequently, the completion of D(R) at V (I) satisfies

——d

Spt(D(R)y (1)) = Si(R}).
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—

The completed category D(R)V( D here is the usual complete derived
category of a noetherian ring at an ideal; see Example 11.4.0.6.

We next extend this affine computation to noetherian schemes. The
key input is a locality statement for the formal spectra with respect to
restriction to quasi-compact opens. If U C Spe(X) is quasi-compact
with closed complement Z, recall that K(U) = (/XK z)* denotes the
idempotent-completed Verdier quotient (cf. Remark 11.3.0.10). Then
we prove:

Theorem C (Theorem 11.5.0.16). Let K be a 2-ring and Y C Spc(K)
a Thomason subset. Let U C Spc(XK) be a quasi-compact open subset
and let qu: X — K(U) be the canonical functor. Set Y =Y NU,
viewed as a Thomason subset of Spc(K(U)) = U. Then restriction
along Y' < Y induces an isomorphism of ringed spaces

Spf(K(U),Y") = Spi(K, )|,

With Theorem C in hand, the affine computation globalizes by
covering a noetherian scheme by finitely many affine opens and checking
that the resulting local identifications glue on overlaps. This yields a
formal version of Thomason’s theorem.

Theorem D (Theorem 11.7.0.7). Let X be a noetherian scheme, and
let Z C X be a closed subset. Then there is a natural isomorphism of
formal schemes R

®: Spf(Dee(X)%, Z) = Xz,

where )/(\'Z denotes the formal completion of X along Z.

Xk 3k

Our second main family of examples comes from chromatic homo-
topy theory. Fix a prime p and a height n > 0, and write 8p,, for the
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E(n)-local stable homotopy category with compact objects Sp,. By
work of Hovey—Strickland, the Balmer spectrum Spc(Sp;,) is the finite
chain of primes

PoCPC---CP,

indexed by chromatic height, and the structure sheaf on the basic opens
can be described in terms of the localizations L;S?; see Theorem 11.9.0.5.
For each 0 < h < n — 1 we consider the Thomason subset

Ythl = {:Pthla s 7iPn} g SPC(SPZL

corresponding to spectra of type at least h+1. Completion at Y}
recovers the local category Spy (i1)y..vi(n), and we compute the fol-
lowing;:

Theorem E (Theorem 11.9.0.8). Fiz an integer 0 < h <n —1, then
the formal spectrum Spf(Sp}i((hH)v,._vK(n)) has underlying space Yy i1,
and its structure sheaf on basic opens is given by

O(Ux) = mLrpry-vewS' — (k2h+1),
for the opens Uy, = U(L, F(k+1))NY}41 described in Theorem 11.9.0.5.

These chromatic examples illustrate one of the motivations for
introducing Spf(X,Y'): completion can drastically change the geometry
detected by dualizable objects, and the formal spectrum provides a
convenient receptacle for the resulting local information. In particular,
in the special case where h = n — 1, we see that the formal spectrum of
dualizable objects in the K (n)-local category is indeed a single point,
as one would hope. We conclude with two further examples, one from
equivariant homotopy theory and one from modular representation
theory, to illustrate additional behavior of the formal spectrum.

Organization of the paper. In Chapter [1.2 we recall formal schemes
and formal completions in algebraic geometry and fix conventions. In
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Chapter I1.3 we review the Balmer spectrum and its structure sheaf.
In Chapter I1.4 we recall completion of stable homotopy theories at
Thomason subsets, and in Chapter 1.5 we introduce the formal spec-
trum Spf(X,Y’) and prove the completion theorem Theorem 11.5.0.14.
In Chapters 1.6 and I1.7 we establish the formal version of the Hopkins—
Neeman and Thomason theorems. Chapter [1.8 produces a comparison
map, analogous to Balmer’s for the ordinary spectrum and in Chap-
ter I1.9 we compute the formal spectra arising in chromatic homotopy
theory. Finally, we finish in Chapter [1.10 with the two examples from
equivariant homotopy theory and modular representation theory.
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Chapter 11.2

Formal schemes and formal
completions

We begin by recalling the definition of the formal spectrum of a com-
mutative noetherian ring. We do this to fix our conventions, which
may differ slightly from the standard literature.

I11.2.0.1 Definition. Let R be a commutative noetherian ring and let
I C R be an ideal. The formal spectrum of R (with respect to I),
denoted Spf(R, I), is the locally ringed space

(I Spf(R, 1), Ospi(r.1))
where:

(a) The underlying topological space | Spf(R, I)| is the closed subset
of the Zariski spectrum given by the vanishing locus of I, i.e.,

|Spf(R,I)| :==V(I)={peSpec(R)|[ICp}.
It has a basis of open subsets of the form

D(s) =D(s)NV(I)={pe Spec(R)}I Cp,sé¢p},
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where s € R and
D(s) = {p e Spec(R)|s¢p}.

(b) Ehe structure sheaf Ogyqg 1) is defined on the basic open sets
D(s) as the [-adic completion of the localization R[1/s].

I11.2.0.2 Example. Let R be a noetherian ring, and let I be a nilpotent
ideal (for example, I = (0)). Then it is immediate from the definitions
that

Spf(R, I) = Spec(R),

the usual Zariski spectrum.

11.2.0.83 Example. Let R = Z and I = (p) for a prime p. Then
Spf(Z, (p)) is a one-point locally ringed space with ring of global sections
A

I11.2.0.4 Remark. There is an obvious extension to Z-graded commuta-
tive rings, where we work with homogeneous prime ideals. We denote
this by a superscript h, i.e., Spech(R*) denotes the homogeneous Zariski
spectrum of a graded ring R,, and Spfh(R, I) denotes the formal ho-
mogeneous spectrum with respect to a homogeneous ideal 1.

D

I1.2.0.5 Remark. We do not assume that R is complete with respect to
the I-adic topology. However, replacing R by its completion R} does
not change the formal spectrum; there is an isomorphism of locally
ringed spaces

Spf(R}, IR}) = Spf(R,I)

induced by the completion map R — R}. In the former case, since the
ideal for the formal spectrum is clear, we may simply write Spf(R}).

I11.2.0.6 Remark. Although the definition of the formal spectrum of
a ring R does not strictly require R to be noetherian, we fix this
assumption due to the poorly behaved nature of /-adic completion in
the non-noetherian case.
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I11.2.0.7 Remark. There is a useful way to think about the topological
space | Spf(R,I)|. Recall that the support of a (finitely generated)
R-module M is

Suppp(M) = { p € Spec(R) | My # 0},

Since
SHR/I)=0 < SNI+#a,

we see that

Suppg(R/I) = {p € Spec(R) ‘ ICp }
In other words,
| Spf(R, I)| = Suppx(R/1).
In the same way that the spectrum of a ring globalizes to define
schemes, the formal spectrum globalizes to define formal schemes.

I1.2.0.8 Definition. Let (X, Ox) be a locally ringed space. We say that
(X, O0x) is a noetherian formal scheme if |X| is quasi-compact and
there exists a covering of | X| by open subsets U, such that each ringed
space (U, Ox|p,) is isomorphic to

<| Spf(Roﬂ ICV)|7 Ospf(Ra,Ia))
for some noetherian ring R, and ideal I, C R,,.

I11.2.0.9 Remark. 1t is clear from the definition that the condition of
being a noetherian formal scheme is local: if there exists a covering
{Ua} of X such that each (U,,Ox|y,) is a noetherian formal scheme,
then so is (X, Ox).

I11.2.0.10 Remark. We form the category of noetherian formal schemes
as the full subcategory of the category of locally ringed spaces whose ob-
jects are noetherian formal schemes. In contrast to some other sources,
we do not require the structure sheaf to carry a topological structure
(i.e., we work with locally ringed spaces rather than topologically ringed
spaces).
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Chapter 11.3

The Balmer spectrum of a
tt-category

We assume the reader has some familiarity with ordinary tt-geometry,
for example, the foundational paper [Bal05]. For the benefit of the
reader, we briefly recall the basic definitions. We begin by introducing
the ‘small’ and ‘big’ variants of triangulated categories that will be
used; see also [Bar+24, Section 5] for a more thorough discussion.

11.3.0.1 Definition. Let

2-Ring := CAlg(Cat?®™),;,

be the co-category of commutative algebra objects in CatP™, the oo-
category of small, stable, idempotent-complete co-categories and exact
functors, equipped with the symmetric monoidal structure described in
[BGT'13b, Section 3.1]. The subscript rig denotes the full subcategory
spanned by those K for which every object of the underlying symmetric
monoidal co-category is dualizable. A 2-ring is then an object K &
2-Ring.

We will also need a ‘big’ variant of this notion.
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I1.3.0.2 Definition. A stable homotopy theory is an object of CAlg(Prk),
i.e., a presentable, symmetric monoidal stable co-category (€, ®,1)
whose tensor product preserves all colimits separately in each variable.
The full subcategory K := €4 of dualizable objects is then a 2-Ring
in the sense of Definition 11.3.0.1 (see [NP24, Lemma 2.5]). A sta-
ble homotopy theory is rigidly-compactly generated if it is compactly
generated and its subcategory of dualizable objects coincides with its
subcategory of compact objects.

11.3.0.3 Remark. The homotopy category of a given K € 2-Ring is a
tensor-triangulated category in the usual sense of [Bal05]. Likewise,
if C is a stable homotopy theory, then its homotopy category is a
tensor-triangulated category with small coproducts.

For the definition of the Balmer spectrum Spec(X) it suffices to work
at the level of these underlying triangulated categories. By contrast, our
construction of the formal spectrum as a ringed space is most naturally
formulated after passing to “big” categories, as we will soon describe.
We therefore work throughout in the setting of stable co-categories:
among other advantages, Ind-completion is well behaved in this setting,
whereas on the level of triangulated categories the Ind-completion need
not remain triangulated; see [[<ra23, Remark 5.9] for an example.

11.3.0.4 Remark. By taking Ind-categories, any 2-Ring can be turned
into a rigidly-compactly generated stable homotopy theory. Indeed,
set € = Ind(X). As noted in [NP24], this is presentable, stable,
and symmetric monoidal by combining [[LLur09¢c, Theorem 5.5.1.1] and
[Lurl7a, Corollary 4.8.1.14], and it is rigidly-compactly generated by
construction. Moreover, the (restricted) Yoneda embedding j: K — C
is symmetric monoidal. In fact, if Prs* denotes the (non-full) sym-
metric monoidal subcategory of PrSLt spanned by compactly generated
stable oo-categories and colimit-preserving functors that preserve com-
pact objects (equivalently, whose right adjoint preserves colimits), then
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Ind-completion defines a symmetric monoidal equivalence
f ~ oL,
Ind: Cat?™ = Pry®,

with inverse given by sending D to D¥. See [BGT13b, Section 3.1]
and [Ben+25, Proposition 2.3]. We will use this equivalence implicitly
whenever needed.

Having fixed terminology for both the small and big settings, we
now give a standard example that will serve as a running model in
what follows.

11.3.0.5 Example. The prototypical example of a 2-Ring is the category
Modj, of compact R-modules, where R is a ring spectrum. The associ-
ated stable homotopy theory is the category Modpg of all R-modules.
Note that if R = HA is an Eilenberg-MacLane spectrum, these corre-
spond to the derived category of perfect complexes of A-modules and
the unbounded derived category of A-modules, respectively.

I1.3.0.6 Definition (Balmer [Bal05]). Let X € 2-Ring. The spectrum of
XK is the set

Spc(K) == {P | P is a prime thick ®-ideal of K }.

We topologize this set by declaring a basis of open sets { U(c) }eex
defined by

U(c) = {P e Spc(X)|ceP}.
11.3.0.7 Definition. The support of an object a € X is
supp(a) == { P € Spc(K) |a ¢ P} = U(a)®.

The sets {supp(a)}.ex form a basis of closed subsets for the topology
on Spc(XK).
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I1.3.0.8 Remark. The spectrum is functorial [Bal05, Proposition 3.6]:
given a symmetric monoidal exact functor F': X — £, there is an
induced continuous map

@ = Spc(F): Spe(L) — Spe(X), P F1(P).

Moreover, ¢~ (suppy(a)) = supp, (£'(a)) and ¢~ (U(c)) = U(F(c)).

One major reason to study the spectrum is its classification of thick
tensor ideals.

I1.3.0.9 Theorem (Balmer, [Bal05, Theorem 4.10]). Let X be a 2-ring.
Then support induces an inclusion-preserving bijection:

{thick ®-ideals J C ZK} = {Thomason subsets Y C Spc(.’K)}

J — supp(J) = U supp(z)
z€]

Ky ={ze€X|supp(z) CY }+—Y.

I1.3.0.10 Remark. We now describe Balmer’s structure sheaf on Spc(X).
Given a thick ®-ideal J C K as above, we can form the Verdier quotient
K/J. If U C Spe(X) is a quasi-compact open subset with closed
complement Z, set

Kz :={a€X|supp(a) C Z}

and define
K(U) = (K/Kz)",

where (—)f denotes idempotent completion. This is also known as the
Karoubi quotient. There is a natural functor ¢y : X — K(U), and we
write 1y for the image of the unit 1 € X under ¢ .
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I1.3.0.11 Definition. Let K € 2-Ring be an essentially small tt-category.
Balmer’s structure sheaf Ogpc(x) on Spe(X) is the sheafification of the
presheaf!

Ope(x): Open(Spe(X))™ — grCAlg”

given by
U +— 7, Endyw)(1v). (I1.3.0.12)

11.3.0.13 Remark. Let K be a 2-ring and € = Ind(X) the associated
stable homotopy theory. Let U C Spc(XK) be a quasi-compact open
subset with closed complement Z. Consider the localizing subcategory
L = Loc(Kz) C €. Since Kz is a thick ®-ideal in K and the tensor
product in € preserves colimits separately in each variable, £ is a local-
izing ®-ideal in €. Consequently, there is a unique way to equip C(U)
and the localization functor L: € — C(U) with symmetric monoidal
structures.

We now identify the compact objects of the localization. The
restriction of L to dualizable (equivalently, compact) objects, L]y : K —
C(U), lands in C(U)° (since L preserves compact objects) and vanishes
on Kz. By the universal property of the Verdier quotient, this induces
a symmetric monoidal functor

L: X/K; — CU)".

The Neeman—Thomason localization theorem [Nee92b, Theorem 2.1]
& [Cal+26, Theorem A.3.12)% asserts that L is fully faithful and
that C(U)¢ identifies with the idempotent completion of the image of
L. Therefore, passing to idempotent completions yields a symmetric
monoidal equivalence

K(U) = (K/Kz)" = (€(U))F = C(U)".

'Here, and throughout, ngAlgQy denotes the category of (discrete) graded
commutative rings with the Koszul sign rule.

2The cited theorems are essentially the same in different settings. In the setting
of triangulated categories in the former and stable co-categories in the latter.
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11.3.0.14 Remark. If 1;; denotes the tensor unit of the localized category
C(U), then the presheaf from (I1.3.0.12) can be rewritten as

U +— 7. Home(1, 1), (I1.3.0.15)

where in the right-hand side, 1y is implicitly viewed inside C via the
fully faithful right adjoint to the localization functor L. Although
(I1.3.0.15) looks slightly less direct than (I1.3.0.12), this ambient for-
mulation in € will be crucial for the construction of the formal Balmer
spectrum, where we will encounter localizations that do not preserve
compact objects, necessitating the use of the large category C.

11.3.0.16 Remark. In [Aok+25, Theorem D and Theorem F], it is
shown that for any 2-Ring K with associated stable homotopy theory
€ = Ind(X), the functor sending a quasi-compact open U C Spc(K)
to the oo-category C(U) refines to a sheaf

Og: Open(Spe(K))°P — CAlg(Prkh).

11.3.0.17 Remark. 1t follows from [Lurl7a, Theorem 4.8.5.11] and
[Lurl7a, Theorem 4.8.5.16] that the functor
Alg(8p) — Prk

st

sending an associative algebra A in spectra to the stable co-category
LMod 4(8p) of left A-module spectra, is symmetric monoidal and admits
a right adjoint. In particular, by Dunn additivity and passing to
commutative algebra objects, we obtain a right adjoint functor

End(1)): CAlg(Prk) — CAlg(Sp), (I1.3.0.18)

sending a stable homotopy theory C to the commutative algebra in
spectra given by the endomorphism spectrum Home(1le, 1¢) (see also
[Aok+25, Construction 4.29]).
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If we compose Ox with End(1_)) we obtain a sheaf
O : Open(Spe(X))°P — CAlg(Sp)

of commutative algebras in spectra. This sheaf is given on a quasi-
compact open U C Spc(X) by Homey(1y, 1) ~ Home(1,1y) in the
notation of Remark I1.3.0.13.

In particular, Balmer’s structure sheaf of graded rings Ogpc(x) is the
induced sheaf obtained from the functor 7,: CAlg(8p) — grCAlg”.
11.3.0.19 Remark (Functoriality). The functoriality of Remark I1.3.0.8 is
compatible with this ringed space structure. That is, given a tt-functor
F: X — £, there is a morphism of ringed spaces

Spe(F) = @: (| Spe(L)]; Ospersy) = (ISpe(K)], Ospeqr) )-
For details, see [BIXS07, Lemma 7.2].

11.3.0.20 Example. The most fundamental example comes from work
of Hopkins and Neeman in the affine case, as extended to schemes by
Thomason [Hop87; Nee92a; Tho97]. Let X be a quasi-compact and
quasi-separated scheme. There is an isomorphism of locally ringed
spaces (and hence schemes)

1 X 5 Spe(Dye( X))
given by
f(x) = {a €Dge(X) | ag ~ 0 in Dge(Ox,)°} forall z € X.

Moreover, under this equivalence, the homological support! supph(a) C
X of a perfect complex a € Dy.(X)¢ corresponds to the closed subset
supp(a) C Spe(Dge(X)¢).

For the translation to tt-geometry in this form, see [Bal05, Corollary
5.6 and Theorem 6.3] and [BKS07, Theorem 8.5].

IThat is, the support of the total homology of a.
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11.3.0.21 Remark. When X = Spec(R) is affine, there is a simple
description of the inverse to the above isomorphism, given by the
following general construction and theorem of Balmer.

I1.3.0.22 Theorem (Balmer). Let X € 2-Ring be an essentially small
tt-category. Then there is a natural continuous, inclusion-reversing
map

p: Spe(K) — Spec” (7, Endy (1))

of locally ringed spaces, given by
p(P) = { F| cone(f) ¢ P}.

I1.3.0.23 Remark. It is not always the case that Spc(X) is a scheme;
for instance, taking X = SH® gives a counterexample. See [Ball(,
Proposition 9.7].
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Chapter 11.4

Completions of tt-categories

The tensor-triangular analog of I-adic completion is completion with
respect to a closed subset of the Balmer spectrum. In this short section
we recall the notion, and review the most basic example of the derived
category of a commutative ring. Nothing in this section is new; the
ideas date back to at least Greenlees [Gre(01], and we follow the recent
exposition in [BS525].

11.4.0.1 Definition. Let C be a rigidly compactly generated stable
homotopy theory, and let Y C Spc(€?) be a Thomason subset. We set

el ={xeC|supp(z) CY} and Cy :=Loc(C}).
11.4.0.2 Remark. The inclusion Cy < € admits a right adjoint given by
tensoring with the Balmer—Favi idempotent ey [BF11]. Our primary

interest, however, lies in the double right orthogonal to Cy. Recall
that if € C € is any class of objects, we write

&t :={ce €| Home(s,c) =0forall s € & }.
Note that this is closed under suspension in €.
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I1.4.0.3 Definition. The completion of C at Y C Spc(C?) is the full
subcategory

éy = (ey)lL.
Objects of @y are called Y -complete.

11.4.0.4 Remark. Tﬁe\inclusion @y — € has a symmetric monoidal left
adjoint, given by (—), = hom(ey, —). The category Cy is a tensor-
triangulated category under the localized tensor product. It is not,
however, rigidly-compactly generated, except in trivial cases (see [B/S\Z 1,

Remark 2.12]). Note that via the inclusion we can also consider (—),-
as an endofunctor on C.

I1.4.0.5 Remark. We are often interested in the case where Y = supp(A)

for some A € €4 In this case, the completion functor (=) supp(a)
coincides with Bousfield localization with respect to A (see, for example,
[BHV18, Proposition 2.34]).

11.4.0.6 Example. The most basic example is as follows. Let R be
a noetherian ring, I C R an ideal, and consider the closed subset
Y = V/(I) C Spec(R) = Spc(D(R)°) (see Example 11.3.0.20). Then the
functor

— —

(=);: D(R) — D(R); = D(R)V(I)

is the derived I-adic completion functor; see, for instance, [GM92;
DGO2]. Note that even if M is a discrete R-module, the derived
completion M} need not agree with the classical I-adic completion.
For example, with R = Z, [ = (p), and M = @n>1 Z/p", the two
notions differ [MP 12, Example 10.1.16]. -
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Chapter I1.5

The formal spectrum of a
tt-category

We now turn to the definition of the formal spectrum in the tensor-
triangular setting.

I1.5.0.1 Definition. Let X € 2-Ring be a 2-ring and let § = Ky be the
thick ®-ideal in K corresponding to a Thomason subset Y C Spc(XK)
(note that every thick ®-ideal is of this form by Theorem 11.3.0.9). Write
C for the stable homotopy theory associated to X (Remark 11.3.0.4).
The formal spectrum of K (with respect to Y'), denoted Spf(X,Y), is
the ringed space

(| Spf(fK, Y)|7 oSpf(fK,Y))
defined as follows:

(a) The underlying topological space is
| Spf(XK,Y)| =Y C Spe(K)

equipped with the subspace topology. A basis of open sets is
given by

Ule)=U(c)nNY ={PeY|ceP}.
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(b) The structure sheaf is given on basic opens U(c) by the sheafifi-
cation (in grCAlg") of the presheaf

U(c) — 7, Home <17 (1/[0_\1])1/)7

where 1[c™!] denotes the tensor unit of the localization C[c™!] =
C(U(c)), viewed as an object of € via the right adjoint to the lo-
calization functor, and (—),- denotes Y-completion as introduced
in Chapter 11.4.

I1.5.0.2 Question. Is Spf(XK,Y") always a locally ringed space?

—

11.5.0.3 Remark. Recall that (=), =~ hom(ey,—). Therefore, the

presheaf can equivalently be written as
U(c) — m Home/(ey, 1[c7']).
I11.5.0.4 Remark. Recall from Remark [1.3.0.14 there is a sheaf
O : Open(Spc(K))P — CAlg(8Sp)

of commutative algebras in spectra. On a quasi-compact open U
the value of the sheaf is given by Home(1,1y). If Y C Spe(KX) is a
Thomason subset and ey is the associated Balmer-Favi idempotent,
then the association sending a quasi-compact open U C Spec(XK) to

—_

Home(1, (1)) defines a functor
Ox, = Open(Spe(XK))P — CAlg(Sp).

We claim that O, is a sheaf. By combining [l.url7a, Theorem 4.8.5.11],
[Lurl7a, Theorem 4.8.5.16] and [Aok+25, Corollary 5.41] we see that
the functor

Open(Spc(K))P — CAlg(C)
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The formal spectrum of a tensor-triangulated category

sending a quasi-compact open U C Spc(X) to 1y is a sheaf. In
particular, it suffices to see that the functor sending U to (1), is a

—

sheaf. This following from [Lur09¢, Theorem 7.3.5.2], since (—),.: € —
C preserves limits and Spc(XK) is spectral.

We claim this sheaf is extended from its restriction to | Spf(X,Y)| =
Y. It suffices to see that for any quasi-compact open U C Spec(XK)
such that U N'Y = @ the commutative algebra in spectra of sections
O, (U) ~ 0 is trivial. This follows from the calculus of idempo-
tents coming from Thomason subsets of Spc(X) presented in [BEF11,
Theorem 5.18]. Indeed, let Z be the closed complement of U, so
1y ~ fz. T UNY = @ then Y C Z, hence ey ®ey ~ ey. Ten-
soring the triangle e; — 1 — f7 with ey shows ey ® fz ~ 0, so
Home(ey, f7) ~ Home(ey ® fz, fz) ~ 0, i.e. O, (U) ~ 0.

We deduce, like in Remark 11.3.0.17, that the structure sheaf of
graded commutative rings defined in Definition I1.5.0.1 is induced from
Ox, |y via m.: CAlg(8p) — grCAlg”.

11.5.0.5 Remark. Unlike in Remark 11.3.0.16, we are currently unable
to construct a sheaf valued in CAlg(Pr%). We hope to pursue this
further in future work.

11.5.0.6 Remark. Taking ¢ = 0 (which lies in every prime), the value
on U(0) =Y is

Y —m, Hom@(ljy) = 1, Home (ey, 1).

I1.5.0.7 Example. Taking J = thickg(1) (equivalently Y = Spc(K)),
the construction reduces to the usual Balmer spectrum:

Spf(XK, Spc(K)) = Spe(K)

as ringed spaces (compare with (11.3.0.15)).

11.5.0.8 Remark. There is a subtle difference from the algebraic situ-
ation: for rings, one typically forms formal spectra only along closed
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subsets of Spec(R), whereas here we allow arbitrary Thomason subsets
Y C Spe(X).

The formal spectrum is functorial in the obvious way:

I1.5.0.9 Lemma. Let X, L be 2-rings and let Y C Spc(K) and
Y’ C Spc(L) be Thomason subsets. Suppose F': K — L is an ezvact
symmetric monoidal functor and write ¢ == Spc(F): Spe(L) — Spe(XK)
for the induced map. If o(Y') CY, then there is a morphism of ringed
spaces

(¢,0™): Spf(L,Y") — Spf(K,Y).

Proof. On underlying spaces this is the restriction ¢|y: Y' — Y. For
the sheaf map, we set € := Ind(X) and D = Ind(£); the functor F
extends to a colimit-preserving symmetric monoidal functor F': € — D.

Let U(c) :== U(c) N'Y be a basic open of Spf(X,Y), with ¢ € K
compact. Using Remark I1.5.0.3 we have

Ospi(c,v)(U(c)) = m. Home(ey, L[c™]).
Define on the basis the composite

7, Home(ey, 1[c™!]) — 7, Homg (F(ey), F(1[c']))
= Tk HOInD(Qp*l(Y)? 1[F(C)_1D
= . Homy (ey, 1[F<C)71])7

where F(ey) >~ ey,1(yy and F(1[c™']) ~ 1[F(c)~!] by the functoriality
of idempotents (see [BS17, Proposition 5.11]), and the last map is
induced by the morphism of idempotents eys — e,-1(y) coming from
Y’ C ¢ 1(Y). Note that the target is precisely Ogpcyr)(U(F(c))),
where U(F(c)) = U(F(c))NY’ and U(F(c)) = ¢~ }(U(c)) as open
sets of Y. The constructions are all natural in ¢ and compatible with
restriction maps, and hence define a morphism

" Osprccyy — 0+ Ospiieyn-
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The formal spectrum of a tensor-triangulated category

We conclude that, (¢, p#) is a morphism of ringed spaces Spf(£,Y”) —
Spi(K, V). 0

I11.5.0.10 Exzample. As a special case of Lemma [11.5.0.9, take F' = id
and Y = Spc(XK). Together with Example I1.5.0.7, this shows that for
any Thomason subset Y C Spc(XK), there is a canonical morphism of
ringed spaces

Spf(X,Y') — Spe(X),

which realizes the inclusion Y’ < Spc(XK) on underlying spaces. Here
the morphism of sheaves is induced by the map ey, — 1.

11.5.0.11 Notation. Let K be a 2-ring, and write € for the associated
stable homotopy theory. For a Thomason subset Y C Spc(XK), consider
the functor

—

(_)Y: C— ey.
This is symmetric monoidal, and so restricts to a functor of 2-rings

—_

(—)y: € =% — €5 (I1.5.0.12)
By Lemma I1.5.0.9 we therefore get a morphism of ringed spaces
(¢.¢™): SpEY, ¢ (Y)) — SpH(X., V). (IL.5.0.13)

The crucial ingredient for the following result is due to Balmer and
Sanders [B3525]. Note that this is the analog of Remark I1.2.0.5.

I1.5.0.14 Theorem. Let K be a 2-ring and let Y C Spc(K) be a
Thomason subset. Then the canonical morphism

(,6%): SPH(EY, ' (Y)) — SpH(K, V)
is an isomorphism of ringed spaces.

113



Drew Heard & Marius Nielsen

Proof. On underlying topological spaces, ¢ is a homeomorphism by
(3525, Theorem 4.6]. It remains to show that ¢# is an isomorphism
of sheaves. Since both structure sheaves are defined as sheafifications
of presheaves on the basis {U(c)}, it suffices to check that ¢# is an
isomorphism on each basic open set.

Fix a basic open U(c) and set X = 1[c™!] € €. Using Re-
mark I11.5.0.3, the sections of ospfj(Y over U(c) is m, Home(ey, X).

On the other hand, in Gy we have L = ( )

v =~ hom(ey, —), and hence
the corresponding ring of sections is 7, Hom mg, L(e

(L{ey), L(X)). The map

gog(c): 7. Home(ey, X) — m. Homg (L(ey), L(X))
is induced by the symmetric monoidal functor L.
We claim that the underlying map of mapping spectra
Home(ey, X) — Homg (L(ey), L(X))

is an equivalence. Indeed, by the adjunction L 4 ¢ and the identification
tL(—) ~ hom(ey, —), there are natural equivalences

Homg (L(ey), L(X)) =~ Home(ey, tL(X))
~ Home/(ey, hom(ey, X))
~ Home(ey ®ey, X)
~ Home/(ey, X),
where the third equivalence is the tensor-hom adjunction in € and the
last uses the idempotence ey ® ey =~ ey. Under these identifications,

the map induced by L corresponds to the composite above, hence is an
equivalence. Applying 7, shows that cpg(c) is an isomorphism for every

basic open U(c), and therefore o is an isomorphism of sheaves. [J

I1.5.0.15 Remark. Because of this theorem, we will usually write Spf(/é‘f/)
instead of the more cumbersome Spf(C$, p~1(Y)).
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We finish this section with the following locality theorem.

I1.5.0.16 Theorem. Let K be a 2-ring and Y C Spc(K) a Thomason
subset. Let U C Spe(X) be a quasi-compact open subset, and let

: K — K(U) be the functor from Remark 11.5.0.10. Set Y' =
Yﬂ U C Spe(K(U)). Then the restriction of Spf(X,Y) to Y’ zdentzﬁes
with Spf(K(U),Y") as a ringed space:

SpE(K(U),Y") = Spf(K,Y)],,,.

Proof. Since U is quasi-compact, there exists d € K such that U = U(d)
[Bal05, Proposition 2.14]. Consequently, the localization K(U) is
identified with the idempotent completion of the Verdier quotient,
(K1)
By functoriality (Lemma 11.5.0.9) applied to gy, we obtain a mor-
phism
(0, 9™): SPHK(U),Y") — SpH(K,Y).

On underlying topological spaces, ¢ is the inclusion Y’ < Y. Since
the image of ¢ lies in the open set Y, this morphism factors through
the restriction Spf(X,Y’)|ys. To prove that this factorization is an
isomorphism, it remains to show that the induced map on structure
sheaves is an isomorphism. It suffices to verify this on a basis of the
open sets of Y.

Let V C Y’ be a basic open set. We can write V = U(c) NY” for
some ¢ € K. By replacing ¢ with ¢®d (which satisfies U(c@®d) =
U(c) NU(d)), we may assume without loss of generality that U(c) C
U(d)=U.

Let € :=Ind(X) and let L: € — C(U) be the localization functor,
with fully faithful right adjoint .. We compare the sections over V:

(a) On Spf(X,Y): Since U(c)NY =V (as U(c) C U), the section is

7, Home ey, Le[c1]).
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(b) On Spf(K(U),Y"): The section is
T HOIH@(U) (€Y/7 1@([]) [C_l]).

Since U(c) C U(d), the object 1¢[c™!] is U-local. Thus, the canonical

1 _1 _1 . . . . .
map le[c™'] = ¢(lewylc™!]) is an equivalence. Using the adjunction
L - ¢ and the fact that L(ey) ~ eyny = eys (see [BS17, Proposi-
tion 5.11]), we obtain natural isomorphisms:

Home(ey, le[c™"]) = Homery(L(ey ), Leqnlc™ )
-1

= HOD’I@((H(@yl, 1€(U) [C ])

This shows the map of sheaves is an isomorphism on basic open sets,
completing the proof. [
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Chapter 11.6

The formal Hopkins—Neeman
theorem

Let R be a noetherian ring and let I C R be an ideal. In Exam-
ple 11.4.0.6, we introduced the derived category of [-complete R-

modules, D(R);, as the completion of D(R) along the closed subset
V(I) € Spc(D(R)€). In this section, we compute the formal spectrum
Spf(D(R)¢, V(1)) and identify it with the classical affine formal scheme
Spf(R?}).

11.6.0.1 Remark. We first recall some properties of the derived I-
completion functor (/—\) ;2 D(R) — D/(E) ; from Example 11.4.0.6. For
a complex M € D(R), the object M; is/fhe derived I-adic completion

of M. Even if M is a discrete module, M; may differ from the classical
I-adic completion. In general, [GM92, Proposition 1.1] provides a short
exact sequence for any discrete module M:

0 — lim' Torf!, (R/I*, M) — My — lim Tor/(R/I*, M) — 0.
k k

This implies the following useful lemma:
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I1.6.0.2 Lemma. If M is a flat discrete R-module, then the natural
map M; — M} is an isomorphism, where M} denotes the ordinary
I-adic completion.

Our version of the Hopkins-Neeman theorem is the following:

11.6.0.3 Theorem. Let R be a commutative noetherian ring and let
I C R be an ideal. Then there is an isomorphism of locally ringed
spaces (and hence, formal schemes)

p: Spf(D(R)%, V(I)) = Spf(R})

induced by the comparison map of Theorem 11.5.0.22. Consequently,
we have an isomorphism
/\d ~
Spf(D(R);) = Spi(R}).
Proof. By Remark I1.2.0.5 and Theorem [1.5.0.14, it suffices to establish
the isomorphism

p: Spt(D(R)", V(1)) = Spi(R, ).

In this context, the stable homotopy theory associated to D(R)® is
D(R).

On the level of topological spaces, the result follows from Exam-
ple 11.3.0.20: the isomorphism Spc(Perf(R)) = Spec(R) identifies the
tensor-triangular support with the classical support of R-modules,
mapping V (/) homeomorphically to itself.

It remains to identify the structure sheaves. We check this on
the basis of open sets U = D(s) = D(s) N V(I). Recall from [Ball0,
Theorem 5.3] that under p, the preimage of D(s) is the open set
U(cone(s)). Thus,

p ' (D(s)) = U(cone(s)) NV (I) = U(cone(s)).
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The ring of sections of the structure sheaf of Spf(R, I) over this open
set is simply

Ospicr1) (D(s)) = R[1/s]7.
On the tensor-triangular side, since R is the tensor unit of D(R), the
ring of sections is given by

Ospitn(rye.v 1y (T (cone(s))) = 7. Homps (R, (Lfcone(s)~1]),)
>~ 7, ((1[cone(s)~1]),).

Here, 1[cone(s)™!] denotes the tensor unit in the localization of D(R)
at the open set U(cone(s)). This localization corresponds to the
Verdier quotient by the subcategory generated by cone(s). As shown
in [HPS97, Theorem 3.3.7], this quotient identifies with D(R[1/s]) as
tensor-triangulated categories. Under this equivalence, the localized
unit 1[cone(s)™'] corresponds to the ring R[1/s]. Therefore, we have
an equivalence of completions
(tfcone(s) 1)), = RL/3;.

Since R[1/s] is a flat R-module, its derived completion coincides with
its classical completion by Lemma [1.6.0.2. Combining these results
yields a natural isomorphism

Ospf(D(R)c’V(I)) (U(COHG(S))) = R[l/SM\ = Ospf(RJ) (E(S))

These local isomorphisms are compatible with restriction, so they glue
to an isomorphism of structure sheaves. Thus, p is an isomorphism
of ringed spaces. Finally, since Spf(R, I) is a locally ringed space, the
isomorphism means that Spf(D(R)¢, V(1)) is as well, and by definition,
this means it is an isomorphism of formal schemes. ]

11.6.0.4 Remark. This result will also follow from results in Chap-
ter I1.8, in particular Proposition I1.8.0.6. However we believe it is still
instructive to do this special case.
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Chapter I1.7

Globalizing to schemes

We can now globalize the formal Hopkins—Neeman theorem (Theo-
rem 11.6.0.3) to arbitrary noetherian schemes. We begin by recalling
the notion of completion in the setting of schemes.
I1.7.0.1 Definition. Let X be a noetherian scheme, and let Y C | X| be
a closed subset. An ideal of definition for Y is a quasi-coherent ideal
sheaf § C Ox of finite type such that |V(J)| =Y.
11.7.0.2 Definition. Let X be a quasi-compact quasi-separated noethe-
rian scheme, and Y C |X| a closed subset with ideal of definition J.
For n > 0, set

X, = (V(I"), Ox/3").
The colimit in the category of locally ringed spaces

)/(\'y = lian

is called the formal completion of X along Y.

11.7.0.3 Remark. Explicitly, )?y is the locally ringed space whose
underlying topological space is Y, equipped with the structure sheaf

Og, =limOx /3",

121



Drew Heard & Marius Nielsen

By [GD71, Proposition 10.8.5], Xy is a formal scheme.
11.7.0.4 Ezample. Let X = Spec(R) and let Y C | Spec(R)| be a closed

subset. Then there exists an ideal I C R such that V(I) =Y, and one
has natural isomorphisms

Xy = Spf(R, I) = Spf(R}).

11.7.0.5 Definition. A formal scheme is algebraizable if it is of the form
Xy for some noetherian scheme X and a closed subset Y C | X]|.

I1.7.0.6 Remark. In the rest of this section, we will restrict our attention
on algebraizable formal schemes. Even in the noetherian case, there
exist non-algebraizable formal schemes, although they are difficult to
construct; see [HNGS, Section 5.

I11.7.0.7 Theorem. LeiX be a noetherian scheme, and let Z C X
be a closed subset. Let Xz denote the formal completion of X along
Z. Then there is an isomorphism of locally ringed spaces (and hence
formal schemes)

®: Spf(Dee(X)4, Z) = X .

Proof. Let {U,} be a finite affine open cover of X, where U, =
Spec(R,). Since U, is affine, it is a quasi-compact open subset of
X. Let Z, = Z N U, be the restriction of the closed subset to the
affine patch; note that Z, = V(1) for some ideal I, C R,.

By the definition of the formal completion of a scheme, X 7 18
obtained by gluing the affine formal schemes

(X2)|v. = Sp(Ra, I).

On the tensor-triangular side, we identify Spc(Dy.(X)¢) = X as topo-
logical spaces (Example 11.3.0.20). Since U, is a quasi-compact open
set, we may apply the locality theorem (Theorem I1.5.0.16):

SpE(Dae(X)°, Z) |, = Spf(Dae( X)*(Ua), Za).
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where Z, = Z N U,. Recall from Remark I1.3.0.10 that Dq.(X)%(U,)
denotes the Karoubi quotient. By the Thomason—Trobaugh localization
theorem [1"1'90a, Theorem 5.2.2] (see also [Bal02, Theorem 2.13]), there
is an equivalence

Dge(X)*(Ua) = Dge(Ua)® ~ D(Rq)*.
Thus, we have an isomorphism of formal schemes

Spf(Dae(X), Z2) |, = Spf(D(Ra), V(1a)).

2.

Now we apply the affine formal Hopkins—Neeman theorem (Theo-
rem [1.6.0.3). This provides an isomorphism of ringed spaces

Pa: Spf(D(Ra)C,V(Ia)) = Spf(Ra, L)
Combining these identifications, we obtain local isomorphisms
Ga: Spf(ch(X)ca Z) |Za = ()?Z)|Ua'

To verify that these glue, consider an intersection U,3 = U, NUg. Since
X is qcgs, this intersection is quasi-compact. The comparison map p in
Theorem 11.6.0.3 is natural with respect to localization, and the locality
theorem is functorial with respect to restriction. Consequently, the
isomorphisms ¢, and ¢g satisfy the cocycle condition on the overlaps
Uap. Therefore, they glue to a global isomorphism of ringed spaces. The
argument is then completed the same way as in Theorem 11.6.0.3. [

I1.7.0.8 Remark. One can ask for extensions beyond schemes (e.g., to
certain algebraic stacks or other locally affine tensor-triangular sit-
uations). Conceptually, the argument above only uses (i) an affine
identification (a formal Hopkins-Neeman statement), (ii) a locality
statement for Spf under restriction to quasi-compact opens, via Theo-
rem 11.5.0.16 and (iii) a Thomason-Trobaugh type localization theo-
rem identifying the relevant Verdier quotients with the corresponding
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“affine” categories on opens. Any setting in which analogues of (i)—(iii)
hold admits the same gluing argument.

11.7.0.9 Definition. Let )A(Z denote the formal completion of X along
Z as above. We set

DG (Xz) = Dge(X) 5.

the completion of D.(X) at the Thomason subset Z C Spc(Dy.(X)¢)
X in the sense of Definition 11.4.0.3.

11.7.0.10 Corollary. Lft X be a noetherian scheme and let 7 C X
be a closed subset. Let X5 denote the formal completion of X along
Z. Then there is an isomorphism of ringed spaces (and hence formal
schemes)

2

b Spf(DgC(Xz)d) 1) )?Z'

I11.7.0.11 Remark. Recall from Remark I1.4.0.4 that completion at a
Thomason subset Z C Spc(Dqc(X)¢) = X is given by the endofunctor
(_)Z = hom(eZ> _)a

where ez is the Balmer—Favi idempotent associated to Z.
When X is separated, one can identify this idempotent with a
familiar geometric object: there is an equivalence

€z =~ er(OX)

in Dy (X), where RI'; denotes the right derived functor of I'z, the
subsheaf with supports in Z, see [Stel8, Lemma 5.4]. In particular,
in this case the abstract completion functor hom(ez, —) agrees with
the derived completion (local homology) functor of Alonso Tarrio—
Jeremias Lépez—Lipman: by [AJLI7, Theorem (0.3)], the right adjoint
to RI'z is naturally isomorphic to LAz, and under the identification

ez ~ RI'z(Ox) this yields a natural equivalence of endofunctors on
Dge(X)

—

(=), >~ hom(RI'z(Ox), —) >~ LAz (—).
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11.7.0.12 Remark. We briefly indicate how Definition [1.7.0.9 compares
with the triangulated category denoted D[ (Xz) in [AJL99, §6.3], at
least when X is separated. This comparison is not used elsewhere in
the paper.
~A o~
Write D .(Xz) for the category constructed in [AJL99, Remark

6.3.1]. Alonso—Jeremias—Lipman show that on the formal scheme Xy
the “complete” and “torsion” variants agree, and identify the torsion
category on Xy with the Z-supported subcategory on X:

~A o~ ~
ch(XZ) = Dth(XZ) = DqCZ(X>’

where D z(X) denotes the essential image of RI'z on Dy (X). (For
precise statements and hypotheses, see [AJ1.99, §6.3] and [AJL99,
Proposition 5.2.4].)

On tﬁe\ other hand, Remark I1.7.0.11 identifies our completion
functor (—), with LAz (when X is separated). A form of Greenlees-
May duality identifies the torsion and complete pieces as equivalent
subcategories of D.(X), so the essential image of LA, agrees with the
completion subcategory D;(?) » of Definition I1.7.0.9. Under these
identifications, one obtains an equivalence

~A o~
DqC<XZ> = DQC(X)Z'

In fact, the formulas in [AJL99, Proposition 5.24] implies that this

equivalence is given by LAy o k, where k: X; — X is the completion
map.
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Chapter 11.8

A comparison map

One of the most important tools in computing the Balmer spectrum
of a tensor-triangulated category is Balmer’s comparison map (The-
orem [1.3.0.22). A general strategy for computing Spc(XK) is to first
determine Spec” (m, Homg(1,1)) and then compute the fibers of the
comparison map; see [BS17] and [Aro+25] for examples. It is therefore
natural to seek an analogue of the comparison map for the formal
spectrum introduced in this paper. Throughout this section we assume
R, = m, Homy(1,1) is noetherian, which implies that p is surjective
[Ball0, Theorem 7.3]. In this section we will construct a comparison
map for ‘algebraic’ completions, i.e., those coming from an ideal in R,.

11.8.0.1 Definition. Let X be a 2-Ring and let I C R, be a homogeneous
ideal. Write Y (I) := p~1(V(I)) for the preimage of the closed subset
V(I) C Spec™(R,) under the comparison map of Theorem 11.3.0.22.
Define R R

GI = C‘?y(I)

to be the completion of € at the closed subset Y (1) C Spc(K) in the
sense of Definition I1.4.0.3.

11.8.0.2 Ezample. If X = Perf(R) for a commutative noetherian ring
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R, then p is a homeomorphism, and we are exactly in the situation of
Example 11.4.0.6.

11.8.0.3 Remark. The spectrum R := Home(1,1) is a commutative
algebra in spectra and, for any X € €, Home(1, X) is an R-module.
By Morita theory there is a symmetric monoidal adjunction

F: Modr — € :G (11.8.0.4)

with F(M) = M ®g1 and G(X) = Home(1, X). Since € = Ind(X) is
rigidly-compactly generated and 1 is compact, F' is fully faithful and
(G exhibits Modpg as a colocalization of C.

Let px: Spc(X) — Spec”(R,) and pr: Spe(Mod$) — Spec”(R,)
be the respective comparison maps. Functoriality of the comparison
map [Ball0, Theorem 5.3] yields a commutative diagram

Spe(X) S, Spe(Mod)

Pacl lﬂR
Spec"(R,) == Spec"(R,)

and hence, for any homogeneous ideal I C R, the associated Thomason
subsets

Y (I) = ps' (V(I)) C Spe(K), Yr(I) = pg' (V(I)) C Spc(Modf,)

satisfy
Y(I) = Spc(F)*l(YR([)).

Let ey(7) € C and ey,) € Modg be the associated tensor idempotents.
By functoriality [3517, Proposition 5.11] we have F(ey,r)) = ey,
and since F' is fully faithful, G(ey (1)) = ey, in Modp.

I1.8.0.5 Proposition. For every X € C there is a natural isomorphism
of R-modules

Home(ey (), X) = HomModR(eYR(U , Home (1, X)) )
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Proof. Using F(ey,)) = ey and the adjunction (I11.8.0.4),
Hom@(eyg), X) = HOHl(g (F(GYR([)), X) = HOIIlMOdR (GYR([), HOme(l, X))
as required. O

I1.8.0.6 Proposition. Let X € 2-Ring with R, noetherian, and let
I C R, be a homogeneous ideal. Set Y (I) = p~*(V(I)) C Spc(X),
where p: Spe(K) — Spec™(R,) is Balmer’s comparison map of The-
orem [11.5.0.22. Then there is a natural morphism of locally ringed
spaces

p: Sp(K,Y (1)) — Spf"(m.R, 1),
whose underlying map of spaces is the restriction plyy: Y (I) = V(I).
In particular, if p is an isomorphism, then so is p.

Proof. On spaces, p(Y(I)) = p(p~"(V(I))) = V(I). For the sheaves, it
suffices to construct compatible maps on a basis of opens of Spf™(R,, I),
namely D(s) = D(s) NV (I) with s € R,. By [Ball0, Theorem 5.3(b)],
p 1 (D(s)) = U(cone(s)), hence

77 (D(s)) = Y(I) N p ' (D(s)) = Tlcone(s)).

By definition, Og g, 1)(D(s)) = R.[1/s]7. On the other hand, by
Remark I1.5.0.3 and Proposition I1.8.0.5,

Ospi,y (1)U (cone(s))) == 7, Homgod ey (1), Home(1, 1[1/s])).

The right-hand side is the derived I-adic completion of the R-module
Home(1, 1[1/5s]), computed by the Greenlees-May spectral sequence
[GM95, Eq. (3.3), Theorem 4.2] with

Eg’q = H£p7,q (7T>|< Hom@(la 1[1/8]))

Note that H' , .(—) denote the local homology groups of [GM92]. Since
7. Home(1,1[1/s]) = R.[1/s] is R.-flat, [GM92, Theorem 2.5 and 4.1]
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imply that these terms vanish for p # 0, so that the spectral sequence
collapses and

Osprc.y (1)(U(cone(s))) = Ru[1/s]7 = Ogpn(n. 1y (D(s)).

These identifications are natural in s and compatible with restriction,
hence glue to p” : Ospfh(R*’I) — 0.O0sp(x,v(1))- If p is an isomorphism,
the same local identifications show p is an isomorphism of ringed
spaces. [

I1.8.0.7 Corollary. Under the hypotheses above, there is a natural
morphism of ringed spaces

p: Spf(CY) — Spf"((R.)}).

Proof. Combine Theorem [1.5.0.14 with Remark [1.2.0.5 and Proposi-
tion I1.8.0.6. [

11.8.0.8 Example. Let A be an even periodic commutative ring spectrum
with my(A) a complete regular local ring with maximal ideal m . By
[DS16, Theorem 1.1] the comparison map

p: Spe(Perf(A)) — Spec” (m, A) = Spec(mpA)

is a homeomorphism. In fact, by [BallO, Proposition 6.11], this is
even an isomorphism of ringed spaces. Let x(A) = A/m (so that
mor(A) = mo(A)/m). This is an A-module with supp(k(A4)) = V(m).
Applying Proposition 11.8.0.6 and Corollary 11.8.0.7 with I = m we
obtain a homeomorphism

Spf((Li(a) Moda)?) = Spf(mpA).

Here we use Remark 11.4.0.5 to identify the completion functor as a
Bousfield localization in this case.
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Chromatic homotopy

We now turn to examples coming from chromatic homotopy theory.
As usual, we fix a prime number p throughout.

11.9.0.1 Remark. Recall that the Brown—Peterson spectrum BP has
coefficient ring
BP* = Z(p)[’l}l,vg, .. ]

Johnson—-Wilson theory E(n) is obtained from BP by first quotienting
by the ideal (v, 41, Unt2,...) and then inverting v, (using, for example,
highly structured ring spectra [Elm+97a]). Its coefficients are

E(n)* = ’U,;lBP*/('UnJrl, Un+2, - - )

More generally, for an invariant regular sequence J, = (p, vi', ..., v,i’“: 1),
we can form a quotient BP/J, with 7.(BP/J,) = BP,/J;, and for
0 <n < k define a spectrum E(n, J;) with

E(TL, Jk)* g U;l((BP/Jk-)*/(’Un+1, Un+2, .. ))
For k = 0 this recovers E(n), while for J, = (p,v1,...,v,-1) we have
E(n, Jy) ~ K(n), Morava K-theory. Moreover, by [Hea23, Proposi-
tion 2.10], there is an equivalence of Bousfield classes

(E(n, Ji)) = (K(k) V-V K(n)),
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hence

SPE(m, 1) == SPK (k)v--VEK (n)-
11.9.0.2 Notation. Write 8p,, = Spp,, for the E(n)-local stable ho-
motopy category, Sp;. for its subcategory of compact objects, and L,

for Bousfield localization at E(n). For h > 0 let K (h) denote Morava
K-theory and fix a finite type (h + 1)-spectrum F'(h + 1).

11.9.0.3 Definition. For 0 < h < n, define the ®-ideal
Pp={xe8p|K(h)(xr)=0}.

11.9.0.4 Remark. Since K(h).(x®y) = K(h).(x) @k ), K (h)«(y), each
P}, is prime. Moreover,

P, = thickid (L, F(h + 1)).

I1.9.0.5 Theorem (Hovey—Strickland). The spectrum of the E(n)-local
category is the finite chain

Spe(8py,) ={ Po CP1C---C P}
b losed
gCTLETZC ClLoSé

The topology is defined by the closure operator {P,} = {ka ‘ h<k<
n } For 0 < k < n, consider the basic open set defined by the type
(k + 1)-spectrum F(k +1):

Up =U(LF(k+1)) ={P | L,F(k+1)€P; } ={P;|0<i<k}
The value of the structure sheaf on this open set is
Ospc(gpz)(Uk) = W*LkSO.

Proof. The topological description is due to [HS99, Theorem 6.9]; see
also [BHN22, Proposition 3.5] for a translation into this language.

132



The formal spectrum of a tensor-triangulated category

For the sheaf, note that by [HS99, Proposition 6.10] the finite
localization of 8p,, away from L,, F'(k+1) identifies the localized category
8p,[LnF(k + 1)7'] with 8p,. Under this identification the localized
tensor unit corresponds to L;S°. Therefore,

Ospe(spe) (Ur) = . Ends,, (LypS°) = 7, Ly S°. O
11.9.0.6 Definition. For a fixed height h < n, let Y}, be the closed
subset corresponding to spectra of type > h + 1:

Vi1 = supp(LnF(h+1)) = {Pry1,- .., Pt

11.9.0.7 Remark. By Remark 11.4.0.5, the completion (&Z)yh+1 is equiv-
alent to Bousfield localization of 8p, at L,F(h + 1). By [BHVI1S,
Lemma 6.16], this is equivalent to localization of 8p at F'(h+1) ® E(n),
which by [Hea23, Proposition 2.10] is equivalent to Sprc(, 1)yv...vi(n)
(the special case where h = n — 1 is considered in [BS25, Proposition
8.11]). Moreover, [Hea23, Corollary 2.29] gives

LnF(h + 1) ~ LK(h+1)v~~~\/K(n)F(h + 1)

By Theorem [1.5.0.14, we therefore obtain an isomorphism of ringed
spaces

SpE(Spy, Yat1) = SPE(8P(h 1)y vic(n)) -
11.9.0.8 Theorem. For 0 < h < n — 1, the underlying topological
space of the formal spectrum Spf(SpK(h+1)v VE(n )) s

Vi1 ={Phi1 € Pri2 & -+ © Pu} S Spe(Spy).
For k> h + 1, on the basic open set
Up =UL Fk+1)NY ={P|h+1<i<k},
the structure sheaf takes the value'

O(Uk) & mLihsryv-vim S

We omit the subscript on the O for reasons of space.
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Proof. The underlying space statement follows from Theorem 11.9.0.5
and the definition of Y, 14.

For k£ > h 4+ 1, the Bousfield class argument in Remark 11.9.0.7
shows that

V) (Uk) = 7, Homg,, (Ln507 Lk (hs1)v-vE(n) LkSO)
& 7 L (e tyvev i () LS

It remains to show that

L (h1yv-vrm LS’ = Lty v S’ -

By [Hea23, Remark 2.27], there is a pullback square

Lihs1yvvim LS’ —————— Lipiyv-vim) LeS°

! !

Lgg+1yv-vim LeS® —— L)y L)y ) LiS°.

Since (E(k)) = (K(0) V ---V K(k)) and K (i) A E(k) ~ 0 for ¢ > k,
we have LK(k-&-l)vva(n)LkSO ~ (. Hence the bottom-right corner
also vanishes, being a further localization of the bottom-left corner.
Therefore, the pullback identifies the upper-left corner with the upper-
right corner:

Lty IeS® ~ Lgmiiv-vimLeS’.
Finally, since (K(h+ 1)V ---V K(k)) < (E(k)), localization at E(k)
does not affect K(h+ 1)V ---V K(k)-localization, and we obtain
LK(h—i—l)\/m\/K(k)LkSO = LK(h+1)\/~~-\/K(k)SO-

Combining these equivalences yields the claimed identification, and
hence

O(Uk) > 1 L 1) (i) S
as desired. [
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11.9.0.9 Remark. Unsurprisingly, the identification of the sheaf of
spectra considered in Remark 11.5.0.4 takes the form

O(Uk) = Lgpnsyv-vrmwS’

135



136



Chapter 11.10

Further examples

In this short section, we consider two further examples, from equivariant
homotopy theory and modular representation theory.

11.10.0.1 Notation. Let G be a finite group and p a prime. We write
cofree

Spg,(p for the Bousfield localization of Spg () at G4, or equivalently,
the completion of Spg () at the Thomason subset

Yg = supp(G+.) € Spc(Spg,(p))-

As a set, the spectrum Spc(Spgj(p)) and the subset Y5 are computed in
[BS17]. Moreover, [BS17, Corollary 4.13] shows that restriction induces
a homeomorphism from Spc(8p(,)) onto Y.

11.10.0.2 Proposition. Let G be a finite group and p a prime. Restric-
tion along the inclusion e < G defines an exact symmetric monoidal
functor

reseG: SPG, () — SP(p)-
Let Yg = supp(G+.) C Spe(8pg (). Then resC induces a morphism of
ringed spaces

c cofree,d
(. %) Spe(Sp(,)) — Spf(Spg ) )
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Moreover, ¢ is a homeomorphism of the underlying topological spaces.
However, for G = Cy and p = 2, this morphism is not an isomorphism
of ringed spaces.

Proof. Apply Lemma I1.5.0.9 to the restriction functor between com-
pact objects:
res’ : SPGp) — SP(p)-

Let Y := Spec(8p(,)). Then Spe(res?) is a continuous map

Spe(resS’): Spe(8p,)) — Spe(Sp )
and we set Y’ := Spe(ress)(Y) C Spe(8pG ). By [BS17, Corol-

e

lary 4.13], this image is precisely
Y’ = supp(Gy) = Yo
Therefore, Lemma [1.5.0.9 yields a morphism of ringed spaces

(0, 9™): Sp(8pf,), Y) — Spf(8pG (), Yo)-

By Example 11.5.0.7, the domain is Spf(8p(,), Y) = Spe(8pj,), and by

Theorem I1.5.0.14, the target identifies with Spf(Spg)’f(r;’)e 9, yielding the
stated map. The fact that ¢ is a homeomorphism on underlying spaces
is exactly [BS17, Corollary 4.13].

Finally, we show this is not an isomorphism for G = C5 and p = 2
by evaluating global sections. On the nonequivariant side (the source),

we have

OSpc(Sp?Q)) (Spc<8p((:2)>) = EndSP(z) (S(Z)) = W*S@)'

In degree 0, this is the 2-local integers Zs).
On the cofree side (the target), using Remark 11.5.0.6 (and the
identification of the whole space with Ys), we have

Ospf(spngfgg))(yd = m. Homg,, , (evs:S))-
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The Segal conjecture for Cy (specifically Lin’s theorem [Ling80, Theorem
1.1]) identifies the degree 0 part of this ring with the I-adic completion
of the Burnside ring A(Cy), where I is the augmentation ideal. Since
the two rings are not isomorphic (for example, the latter contains the
2-adic integers Zs as a subring, and so is uncountable), the induced
map on degree-0 global sections is not an isomorphism. Therefore,
(¢, ™) is not an isomorphism of ringed spaces. [

11.10.0.3 Remark. Our final example comes from modular represen-
tation theory. Fix a finite group G and a field k of characteristic
p dividing |G|. Let T := K(InjkG) be the homotopy category of
complexes of injective kG-modules (equivalently, one may model the
corresponding stable homotopy theory by the oo-category of modules
J =~ Mods,,, (k), where k denotes the Borel-equivariant G-spectrum
associated to k.). This is a symmetric monoidal, rigidly-compactly
generated category, and its compact/dualizable objects identify with
the bounded derived category:

T4 ~ D (Mod kG).
By [BCR97] and [Ball0, Proposition 8.5], the comparison map
p: Spc(Db(Mod kG)) — Spech(H'(G, k))

is a homeomorphism. The homogeneous spectrum Spec”(H*(G, k)) has
a unique closed point, corresponding to the homogeneous maximal ideal
m = H>%(G, k). Let Yy, C Spe(D?(Mod kG)) denote the corresponding
singleton.

The tt-completion of T at Y, identifies with the unbounded derived
category D(Mod kG) equipped with the diagonal tensor product; see
[B525, Example 3.29]. In this category, the dualizable objects are again
Db(Mod k@), although the compact objects need not coincide with the
dualizable ones. In particular, the completed category is typically not
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rigidly-compactly generated. Using Proposition [1.8.0.6 we deduce the
following;:

I1.10.0.4 Theorem. With notation as above, the formal spectrum
Spf(Db(Mod k:G)) is a one-point ringed space, and its ring of global
sections is H*(G, k)p.
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Abstract. We introduce the notion of “filtered stacks”, in order to general-
ize the theory of synthetic spectra to spectral algebraic geometry. Specifically,
we show that any spectral stack admits an associated filtered stack X7 and
we prove that quasi-coherent sheaves on X7 are a 1-parameter deformation
of quasi-coherent sheaves on X. Furthermore, we show that the special fiber
of this deformation is quasi-coherent sheaves on X%, the underlying Dirac
stack of X. In particular, this allows us to extend the “cofiber of 7”7 method
to the study of descent spectral sequences.

The paper has three main parts. We first develop the affine theory, where
we study commutative algebras in the category of filtered spectra and prove
a version of faithfully flat descent in this setting. We then develop the theory
of filtered stacks, focusing on geometric filtered stacks and their categories
of quasi-coherent sheaves. Here we show that any geometric spectral stack
is sent to a geometric filtered stack, and that coherent cohomology of the
resulting filtered stack refines to a filtered spectrum representing the descent
spectral sequence.

Finally, in the last part, we focus on two applications. First, we construct
a comparison functor from FE-based synthetic spectra to quasi-coherent
sheaves on a specific filtered stack M7,. This comparison is not an equivalence
in general, but we show that it is, in a precise sense, controlled by the E-
based Adams spectral sequence. Second, we construct a colimit preserving
functor from spectral stacks to filtered stacks, which on affines, encodes the
even filtration of Hahn—Raksit—Wilson. Based on this we define an even
filtration associated to any spectral stack.
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Chapter I11.1

Introduction

Let F be a commutative ring spectrum of Adams-type, so that the
pair (E,, E,E) forms a Hopf algebroid. If we let Mg, denote the stack
presented by the Hopf algebroid (E,, E,FE), then for any spectrum X
the Eo-page of the E-based Adams spectral sequence of X takes the
form:

H*Mg,,Tp,x) = m(Xp).

Here Fg, x is the quasi-coherent sheaf identified with the (E,, E,E)-
comodule F, X, via the equivalence

QCoh(Mg, )QQ ~ Comodg, g

of abelian categories, see [HP24, Section 5.1] for a review. Since F
is Adams-type, we have that E,F = m.(E® E) is flat as a Dirac ring
over F,, and we can consider the F-based Adams spectral sequence
of X as the descent spectral sequence of a quasi-coherent sheaf Fy
on the “spectral stack” presented by the cosimplicial commutative
ring spectrum E°® coming from the Cech nerve of S — E. Here
spectral stack means a stack with respect to the 7,-flat topology on
commutative algebra objects in spectra. This is different from the
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spectral algebraic geometry introduced in [Lurb], since not every m,-flat
map of commutative ring spectra is flat in the sense of Lurie.

A powerful tool for studying the Adams spectral sequence and
stable homotopy groups by extension is the so-called “cofiber of 77-
method and the oo-category of E-based synthetic spectra, introduced
by Pstragowski in [Pst22]. In this paper we introduce a candidate theory
for “synthetic quasi-coherent sheaves” on a spectral stack. We do this
by introducing a theory of filtered stacks, whose test objects are given
by commutative algebra objects in the oo-category of filtered spectra
equipped with the Day convolution symmetric monoidal structure.
This theory is set up to be compatible with descent. Specifically, we
introduce a flat topology on filtered ring spectra, and prove faithfully
flat descent for this topology. One major goal of this paper is to show
that the oo-category of synthetic quasi-coherent sheaves on a spectral
stack X deforms the descent spectral sequence of X. This is analogous
to how the co-category of F-based synthetic spectra is a deformation
of the E-based spectral sequence.

More precisely, to a spectral stack X we associate a filtered stack X7,
obtained from the Postnikov filtration on affines via left Kan extension.
The associated oo-category of quasi-coherent sheaves QCoh(X7) carries
a canonical endomorphism

739710 = Oyr.

We similarly construct an associated Dirac stack denoted X% =
((X7)¥). The terms in the following theorem are constructed below,
but the statement is one of the main results of the paper.

Theorem A (Proposition I11.3.3.5, Proposition I11.3.3.8, and Theo-
rem [11.3.3.16). If X is any spectral stack, then inverting the endomor-
phism T and base-change along Ox- — Ox- /T induce equivalences

QCoh(X7)[r7'] = QCoh(X) and QCoh(X7)[r = 0] = QCoh(X).
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Furthermore, if X is a geometric spectral stack, then the Whitehead

tower Tsq: 8p — 8p induces a lax symmetric monoidal functor
vx: QCoh(X) — QCoh(X7),

such that the diagram

QCoh(X)
Id lVX (=)
QCoh(XT7)
- ()7
QCoh(X) QCoh(X)

commutes.

Thus QCoh(X7) is a one-parameter deformation of QCoh(X ), with
special fiber QCoh(X?). In the case where X is geometric, the
coherent cohomology of X7 refines to a filtered spectrum representing
the descent spectral sequence of X.

We now describe the construction and main results in more detail.

Affine filtered geometry

We begin by defining the flat topology. In more detail, let Spfi! denote
the category of filtered spectra with its Day convolution symmetric
monoidal structure. It admits a t-structure, called the Postnikov
t-structure, where a filtered spectrum

e Xo =2 X 2 Xg 2 XX g—

is connective if the spectrum X, is n-connective for every n. This
t-structure is right and left complete, compatible with filtered colimits
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and the symmetric monoidal structure on 8pfil. Furthermore, the heart
of the Postnikov t-structure is the category of graded abelian groups,
with the Koszul tensor product. We denote the t-structure homotopy

groups with respect to the Postnikov t-structure by £ : §pft — Ab®".

Definition II1.1.0.1. A map of connective commutative filtered ring
spectra R — S is flat if 7f’' R — 7f'S is a flat map of Dirac rings and
the canonical map

'R ® 'S —als
7réDR

is an equivalence. Furthermore, it is faithfully flat if base-change
Modz(8p™) 2252 Modg(Sp™)

is conservative. A finite collection of maps {R — R;}ic; is a flat cover,
if
R— ][R

is faithfully flat.

One class of flat maps of filtered ring spectra comes from m,-flat
maps of commutative ring spectra. More precisely, a map R — S
of commutative ring spectra induces a (faithfully) flat map of Dirac
rings on homotopy groups if and only if the map 7o¢R — 72,5 of
connective filtered commutative ring spectra is (faithfully) flat, see
Proposition 111.2.2.21. We show, following Lurie’s proof in the case of
the flat topology, that the collection of flat covers determines a finitary
Grothendieck topology on CAlg(8p™)%, see Proposition I11.2.2.15. In
order to do so, we introduce a Kiinneth spectral sequence for filtered
spectra, which we believe may be of independent interest. We further
develop the ideas needed for defining the Kiinneth spectral sequence
for filtered spectra in Appendix A.1, where we construct it and other
classical spectral sequences in homotopy theory in great generality.
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The first major theorem of this paper is a proof of faithfully flat
descent for connective filtered ring spectra.

Theorem B (Theorem 111.2.4.3). If R — S is a faithfully flat map of
connective commutative filtered ring spectra, then the functor

Modz(8p™) — lim Modgeg»+1(Sp™)

[n]e
is a symmetric monoidal equivalence of oo-categories.

A direct consequence of this result is the following descent theorem
for spectra:

Theorem C (Theorem I11.2.5.3). If R — S is a faithfully m.-flat map
of commutative ring spectra, then the natural functor

Modg(8p) — [li}m Modgeg n+1(Sp)
nje

is an equivalence.

Our faithfully flat descent results form the basis for introducing
the notion of a filtered stack.

Definition IT1.1.0.2. We define the oco-category of filtered stacks to
be the colimit
FStack = colimecpag Shv(€),

indexed over all small subsites of the site on FAff := (CAlg(8p)-o)°P.

From spectral stacks to filtered stacks.

One can define the oo-category of spectral stacks similarly, and the
next theorem shows that any spectral stack produces a filtered stack.
More precisely, we prove the following
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Theorem D (Theorem I11.3.1.9). There is a colimit preserving functor
(—)7: Stk — FStack,

such that for every commutative ring spectrum R we have Spec” R :=
(Spec R)™ ~ Spec >, R.

The functor (—)” is induced by 7s.: CAlg(8p) — CAlg(8p™)-o,
via left Kan extension. The functor 7-,(—) is a map of sites, but it is
not left exact. As a result, several good properties of spectral stacks
are not preserved by (—)7. One property of maps that is preserved is
being flat.

Theorem E (Corollary I11.3.1.29, Proposition 111.3.1.26, and Proposi-
tion I11.3.1.28). Let

Y —— Y

L)

X — X
be a cartesian square of spectral stacks. If p is flat and X is a
geometric spectral stack, that is X admits a flat cover by an affine,
then p™: YT — X7 is a flat map of filtered stacks, X7 is a geometric
filtered stack and

Y/T - YT

.

X/T - XT
is a cartesian square of filtered stacks.

Here, similarly to ordinary spectral algebraic geometry, we define a
map of filtered stacks to be flat if it is representable (by affines) and
for every affine mapping to the target, the base-change is a flat map of
filtered ring spectra.
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Since the functor
s CAlg(8p™)=y — CAlg(AbE)

defines an exact map of sites FAff — DAff', we obtain a left exact
colimit preserving functor

(—)¥: FStack — DStk,

such that if R € CAlg(8p™)so, then (Spec R)¥ ~ Spec 7’ R. We denote
the composite ((—)7)Y = (—=)%. It follows that for a commutative
ring spectrum S, we obtain an equivalence

(Spec )Y = (Spec7=45)" = Spec T, S.

Inspired by the etale rigidity results of Lurie [Lurl7h, Theorem
7.5.4.2], and Hesselholt—Pstragowski [HP25, Theorem 4.33] we prove
the following version of etale rigidity in the filtered setting. We define
a map of connective filtered commutative ring spectra to be

Theorem F (Corollary 111.2.2.26 and Theorem 111.2.2.30). If R €
CAlg(8p) is a commutative ring spectrum, then the functor

CAlg(8p)ry —> CAlg(8p™)....r/

restricts to an equivalence on the full subcategories CAlg(Sp)z%/ and

CAIg(Spﬁl)T .r; Spanned by m.-flat R-algebras and flat filtered 754 R-
algebras. In partzcular if we further restrict to etale algebras we obtain
equivalences

CAlg(Sp) = CAlg(SPﬁI)T R/ = ~ DRingy; R/>

by etale rigidity [HP25, Theorem 4.35].

'Here DAff is given the flat topology introduced by Hesselholt and Pstragowski
n [HP25].
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Based on the above result we use descent to show the following
result.

Theorem G. If X is a geometric spectral stack, then the functors
et (=) et (*)O et
Stk/X —_— FStaCk/Xq— —_— DStk/Xd(Q

are equivalence.

Quasi-coherent sheaves.

In Section II1.3.2 we define the category of quasi-coherent sheaves
on a filtered stack. This theory is Kan extended from the functor
CAlg(8p™) — CAlg(Pr")s,m, and as such most of the standard results
one would expect for such a construction are true. By construction, if
X is a filtered stack, then QCoh(X) admits a canonical §pf-module
structure in Pr’. In particular, the unit Oy admits a twisted endomor-
phism
7: ¥9710x — Oy,

induced by the natural transformation
EO’_I(—) = Idgpfn.

One remarkable property of this endomorphism is that the cofiber
Ox /7 admits a canonical commutative algebra structure.

Similarly, there exists a theory of quasi-coherent sheaves on Dirac
stacks, studied in [HP24]. We will abuse notation and write QCoh(X)
for the co-category of quasi-coherent sheaves on X regardless of whether
X is a spectral, filtered or Dirac stack. This abuse is minimal, since
it is easy to type-check the stack in question whenever these types of
quasi-coherent sheaves appear in the same context.

The remaining part of this paper will be focused on studying
the oco-category of quasi-coherent sheaves on a filtered stack and its
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interaction with the oo-category of quasi-coherent sheaves on the
underlying spectral stack and associated Dirac stack. The main result
is that if X is a geometric spectral stack, then the co-category of quasi-
coherent sheaves on X7 is a one-parameter deformation of QCoh(X),
with special fiber QCoh(X ).

If X is a filtered stack, then the 8p™-module structure on QCoh(X)
also equips mapping spectra with a canonical filtration. In particular,
coherent cohomology of X canonically refines to a filtered spectrum
['(X, —). In the case where X comes from a spectral stack we identify
this filtered spectrum with the filtered spectrum representing the
descent spectral sequence.

Theorem H (Proposition 111.3.4.11). If X is a geometric spectral
stack and F is a quasi-coherent sheaf on X, then there is an equivalence
of filtered spectra:

(X7, vxF) ~DF(X, J),

where DF (X, F) is the filtered spectrum representing the descent spectral
sequence of F.

Comparison with synthetic spectra.

The remaining part of the paper focuses on two applications. We first
develop a strong relationship between the theory of synthetic spectra
and quasi-coherent sheaves on certain filtered stacks. Afterwards, we
show that the even filtration of a commutative ring spectrum R, defined
by Hahn-Raksit—Wilson, naturally arises as the coherent cohomology
on a filtered stack Spec” " R.

If F is an Adams-type commutative algebra object in spectra, then
we let Syny denote the oo-category of E-based synthetic spectra as
defined by Pstragowski [Pst22], which serves as a deformation of the
oo-category of spectra and the E-based Adams spectral sequence. The
oo-category of E-based synthetic spectra is a presentably symmetric
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monoidal stable co-category, and admits a canonical ¢-structure called
the homological t-structure. Work of Burklund—Hahn—Senger [BI1526,
Example C.16] shows that there exists a colimit preserving symmetric
monoidal functor f
il

L: 8pt — Syng

whose right adjoint we will denote o following work of Carrick—Davies—
Van-Nigtevecht [CDN25]. The oo-category of E-based synthetic spectra
comes with a lax symmetric monoidal functor

v:8p — Syng

and if M is a homotopy E-module, then ovM =~ 75,M cf. [CDN25,
Lemma 1.19]. In particular, o refines to a lax symmetric monoidal
functor

o: Mod,p(Syng) — Mod,.,5(Sp™), (111.1.0.3)

whose composite with v: Modg(8p) — Mod, g(Syng) is naturally iso-
morphic as a lax monoidal functor to 7s.: Modg(8p) — Mod., g(Sp™).

Theorem I (Theorem 111.4.2.7). The functor in Eq. (111.1.0.3) is a
symmetric monoidal equivalence.

This provides our road map to comparing Syn with quasi-coherent
sheaves on a filtered stack. Let Mg = | Spec E®*!| denote the ge-
ometric realization of the Cech nerve of Spec E — SpecS, we prove
in Corollary I11.4.1.6 that Mg is a geometric spectral stack whenever
E®FE is m,-flat over E; this happens for instance when F is Adams-
type. In particular, M7, is a geometric filtered stack and we have a
symmetric monoidal equivalence

QCoh(M7) = [li]m Mod,., (gen+1)(Sp™).
nle -
The above equivalence and Eq. (I11.1.0.3) allow us to prove:
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Theorem J (Theorem I11.4.2.11, Proposition 111.4.2.12). For every
Adams-type commutative ring spectrum FE, there exists a colimit-
preserving symmetric monoidal functor

p: Syng — QCoh(MF)

Moreover, if u® is its right adjoint, then the composite u®u is naturally
equivalent to the functor
X — [li}m (VE®"+1 ®X),
nje
with the evident counit. In particular, p is fully faithful on the full
subcategory of vE-nilpotent complete objects.

This relationship could be studied further, but for now we settle
with the following result suggested to us by William Balderrama:

Theorem K (Theorem I11.4.2.15). If E € CAlg(8Sp) is Adams-type,
then the functor
p: Syng — QCoh(MF)

identifies QCoh(M7,) as the left completion of Synyg, with respect to
the homological t-structure on Syny and the canonical t-structure on

QCoh(M7,).

The even filtration

The even filtration of Hahn—Raksit—Wilson defined in [HRW25] mea-
sures the failure of a spectrum to have even homotopy groups. This
might seem simple, but in practice it agrees with complicated spectral
sequences such as the (evenly graded) Adams—Novikov spectral se-
quence for the sphere or the motivic filtration on topological Hochschild
homology. For a ring spectrum R it is defined as

fil;" R := lim 7w9,5.

R—S
S even
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Hahn—Raksit—Wilson show that the even filtration satisfies descent
with respect to the evenly m,-flat topology on CAlg(8p)°P, cf. [HRW25,
Cor. 2.2.21]. The descent result of Hahn-Raksit-Wilson and its def-
inition as a limit of filtered ring spectra, makes it reasonable to ask
whether there exists a filtered stack (Spec R)™~*." which has the even
filtration of R as its filtered cohomology. We prove the following result:

Theorem L (Theorem I11.4.4.7, Proposition 111.4.3.13). There exists
a colimit preserving functor

(—)7¢: Stk — FStack

such that, for every commutative ring spectrum R, there is an equiva-
lence
['((Spec R)™™) ~ filJ" R.

T—ev

Moreover, if R is even, then (Spec R) = Spec Tso6 K.

The descent results of Hahn-Raksit-Wilson not only play a major
role in proving Theorem L, they also provide strong descent results
for (—)77¢" and we prove strong interactions between the geometry of
spectral stacks and its associated evenly filtered stack. For instance
we prove:

Theorem M (Corollary I11.4.3.16, Proposition 111.4.4.10). If X is a
geometric spectral stack, which admits an evenly flat cover Spec R — X,
where R is even, then X7 is a geometric filtered stack and

(Spec R)T—GV — XT—EV

is a faithfully flat cover.

While this notation suggests that Spec” °" R should perhaps be affine, for the
purpose of this paper we use a variant which is not affine.
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II1.1.1 Conventions

This paper is written in the language of co-categories, but in order to
minimize notational clutter we will simply write category instead for
the rest of this paper. Furthermore, we adopt the following conventions:

1. Instead of (commutative) algebra object in spectra we will say
(commutative) ring spectrum. Similarly, we will say filtered
(commutative) ring spectrum for a (commutative) algebra object
in §p', and for a filtered commutative ring spectrum R we will
say a filtered R-module spectrum for an object in Modg(8SptH).

2. The phrase “spectral stack”, will always refer to a stack for the
m.-flat topology on CAlg(8p)°? as defined in Definition I11.2.2.24.

3. For a Dirac stack X, QCoh(X) will always denote the stable
oo-category of quasi-coherent sheaves on X, as opposed to the
abelian category defined for instance via the heart of the canonical
t-structure on QCoh(X).
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Chapter I1I1.2

Filtered stacks: Affine
schemes

II1.2.1 Filtered spectra

In this section we recall the fundamentals of filtered spectra, and
establish notation which will be used in the rest of the paper.

Definition I11.2.1.1. A filtered spectrum is a functor X : Z°® — 8Sp.
Here, Z is the integers considered as a poset with the usual ordering.
We denote the category of filtered spectra by 8§p! := Fun(Z°?, 8p). The
underlying spectrum of a filtered spectrum is given by the colimit of the
diagram X : Z°® — 8p. A graded spectrum is a functor Y : Z* — 8Sp.
Here, Zs is the category with objects Z and no non-identity morphisms.
We denote the category of graded spectra by Sp# = Fun(Zg", 8p).

Remark IT1.2.1.2. We do not usually denote the filtration degree in
our notation for a filtered spectrum. We justify this decision because
of the following fact: the constant functor const: 8p — Sp! is fully
faithful and hence any spectrum may trivially be considered a filtered

spectrum by giving it the constant filtration.
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Remark IT1.2.1.3. The categories Z and Zs admit symmetric monoidal
structures, induced by addition on Z. As a consequence, $pi' and Sp#"
both admit symmetric monoidal structures given by Day convolu-
tion. We denote the monoidal unit by S*° and S{;° respectively. By

construction, the functor Z LN Fun(Z°P, §) E—+> $pil is symmetric
monoidal (here & denotes the Yoneda embedding and § is the category
of spaces), and hence for every k € Z the object S™* = X K (k) is
tensor invertible. The same construction works for graded spectra.

Convention III.2.1.4. For the remainder of this paper by a com-
mutative filtered ring spectrum we mean an object in the category of
commutative algebra objects in filtered spectra.

Notation ITI.2.1.5. For a filtered spectrum X, we denote the value
at n € Z by X,,. Furthermore, we let X_,, = colimge» X. For n, k € Z
we denote by ¥"*X = SO*@¥"X. It is not difficult to see that
(E””“X )i = 2" X;1r. We use the same notation for graded spectra.

Remark I11.2.1.6. For every filtered spectrum X we have that

mapsg,,fi (Sn’k, X) ~ " mapsg,,si (So’k, X)
~ %" mapg,u (S*°, 2" 7*X)
~ ¥7" mapg, (S, Xi)
~ E_nXk.

In particular, on my we get that mo mapg,n (S™k, X) = 7, X,

Definition II1.2.1.7. Let X be a filtered spectrum and n,k € Z,
then we define the (n, k)-th homotopy group of X to be m, ;(X) =
T MaPg,a1 (S™k, X)) = 71, X,

Remark II1.2.1.8. The category of graded spectra is canonically
equivalent to the product of categories [ [, 8p. This equivalence is not
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symmetric monoidal. The monoidal structure on [[, 8p is pointwise,
on the other side the monoidal structure on Sps" induced by Day
convolution is given by

(X®Y>k - @ Xa@%v

a+b=k

in grading k. In particular, the equivalence above is not even unital,
since the monoidal unit for the pointwise symmetric monoidal structure
is the constant graded spectrum, with the sphere spectrum in every
degree.

Definition II11.2.1.9. If X € 8p'! is a filtered spectrum, then the asso-
ciated graded is the graded spectrum gr, X with gr, X = cof(X,, 41 —
X,).

Proposition I11.2.1.10 ([Lurl5, Prop. 3.2.1]). The association X
gr, X refines to a symmetric monoidal colimit-preserving functor

gr.: 8pi — 8p#.  Furthermore, there is a canonical equivalence
gr, S™F ~ STk

Remark III.2.1.11. The associated graded functor admits a right

adjoint F': 8p&" — 8p!', which on objects is given by sending a graded
spectrum X to the filtered spectrum

0 0 0
oo X, o X >

In fact, this adjunction is comonadic [Mou21, Prop. 4.2], so we obtain
an equivalence
Spgr >~ MOdF(Sg,rD)<8pﬁl)

One can check that F(S}’) is the filtered spectrum

o =0=>S=0—...,
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where the sphere sits in filtration 0. We will denote this filtered
spectrum by C71 = F (Sg’ro). Since the associated graded functor is
symmetric monoidal this provides a canonical commutative algebra
structure on C'7. In fact, for every filtered spectrum X € 8pfi! there
is a map 7: X% !X — X, where the n-th component is given by
X1 — X,,. The filtered spectrum C7 can be canonically identified
with cof(S%~1 5 S%0). C.f [BHS26, Appendix B] or [Lurl5, Section
3.2.].

Definition II1.2.1.12. A filtered spectrum X € $pfi' is complete if
the limit limger X ~ 0.

Remark I11.2.1.13. The full subcategory of complete filtered spectra
is closed under limits in filtered spectra. In fact, it is the Bousfield
localization at C'7, and thus gr,: 8pi! — 8p# is conservative on the
full subcategory of complete spectra. This can be verified as follows.
If gr, X ~ 0, then X,, — X,,_; is an equivalence, for all n € Z. In
particular, if X is complete, then X ~ 0.

Proposition I11.2.1.14. If X is a filtered spectrum, then there is a
spectral sequence with signature

Eiqu — 7Tp7q(gr*X) = 7Tp<COhmk—>—oo Xk)a

such that the differential d, has bidegree (—1,r). Furthermore, if X is
complete, then the spectral sequence is conditionally convergent [Nig25,
Definition 2.46].

Definition II1.2.1.15. If X is a filtered spectrum, then the associ-
ated spectral sequence is the spectral sequence constructed in Proposi-
tion I11.2.1.14.

Remark II1.2.1.16. The spectral sequence associated to a filtered
spectrum X is constructed via an exact couple. This exact couple is
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induced by the cofiber sequence ¥*'X 5 X — Cr® X. In [Lurl7h,
Section 1.2.2] Lurie defines an a priori different spectral sequence
associated to a filtered spectrum. This is done by writing the Cartan—
Eilenberg system in the language of stable oo-categories. The two
spectral sequences have been compared by [Cre25, Theorem 5.1], who
shows that they are indeed the same.

Remark IT1.2.1.17. Many spectral sequences of interest start at the
FEs-page. One can obtain a second-page reindexing via

/ b 9.
qu — E‘prrq.

We refer the reader to [Nig25, Remark 3.27] for a more in depth
explanation.

Remark ITI.2.1.18. There is a well-established theory for construct-
ing a spectral sequence from a filtered object in stable co-categories
equipped with a right complete t-structure which is compatible with
sequential colimits. This will be explored further in Appendix A.1.

We will now introduce a large class of complete filtered spectra.

Definition ITI1.2.1.19. We say that a filtered spectrum X is connective
if X, is n-connective for every n € Z.

Proposition 111.2.1.20. The full subcategory of connective filtered
spectra forms the connective part of a t-structure on Sp™. This t-

structure satisfies the following:

1. The t-structure is compatible with the symmetric monoidal struc-
ture on 8p', and the t-structure is compatible with filtered colim-
1ts.

2. The t-structure is left and right complete.
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3. The heart is equivalent to graded abelian groups, and via this
identification the functor wl: 8p™ — Ab® can be identified with
the functor sending a filtered spectrum X to the graded abelian

group {mp X trez-

Furthermore, one may define a t-structure on graded spectra, with the
same properties.

Proof. Everything except for (2) can be found in [Hed20, Prop. 11.1.22,
Prop. 11.1.23, Prop. 11.1.24]. To see that (2) holds, it suffices by
[Lurl7b, Prop .1.2.1.19] - and its dual version - to see that any infinitely
(co)connective object is 0, which follows immediately from the fact that
the standard t-structure on Sp is left and right complete. Note, that
the conditions of [Lurl7h, Prop. 1.2.1.19] follow immediately from the
fact that they are satisfied by the standard ¢-structure on Sp and that
being (co)connective is a pointwise condition in §p. ]
Definition IT1.2.1.21. We say that a filtered spectrum X € 8p' is
connective if it is connective in the ¢-structure constructed in Proposi-
tion II1.2.1.20.

Remark II1.2.1.22. There are many t-structures on filtered spectra,
which serve many different purposes. In this paper we will only concern
ourselves with the above t-structure. This t-structure usually goes
under the names the diagonal, Postnikov, or standard t-structure on
filtered spectra.

Proposition I11.2.1.23. The Postnikov t-structure on 8p is acces-
sible, that is, the subcategory Sp;ilo is presentable. In fact, it is the
t-structure generated by the collection {S™" },ez in the sense of [Lurl7b,

Theorem 1.4.4.11].

Proof. We first verify that S™" is connective for all n € Z. We have to
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show that 7, ,S™" = 0, whenever a < b. To see this we compute:

n,n 0,0
ﬂ—a,bS = Ta—n,b— nS

~ TaenS b<n

o else.
If a < b, then a — n < 0. In particular, m,_,S = 0, since the sphere
spectrum is connective.

Now, let € be the smallest subcategory of 8p™ containing {S™"},cz
which is closed under extensions and colimits. It is clear from the above
that € C Spgﬂo, so it suffices to see that for every X € Spﬁl we have that
X € C. In order to do so we follow the proof of [Lurl7h, Prop. 7.1.1.13].
Let X(0) =@, _, (—Baem’nx S™" and let fo: X(0) — X denote the
induced map. It follows from the long exact sequence in homotopy
groups that F(0) == fib(fy) is connective since 7} fy is surjective. Let us
now define D(0) = @nEZ @aewn,nF(o) S™™ and let dy: D(0) — F(0)
be the induced map. To finish the proof we now inductively define
X(i+1) to be the pushout

D) —

L]

X(i) —— X(i+1).

fil

One sees inductively, that X (0) —> X extends to a map f;: X ( ) — X
and we define F(7) = fib(f;), @HEZ @aemﬂ nF(l +n and
d; is the canonical map D(i) — F ( ) It can be checked that F'(i) is
i-connective for all ¢ and thus colim; ., X (i) — X is an equivalence,
which is what we wanted to prove. [

Remark II1.2.1.24. If X is a filtered spectrum, then the t-structure
homotopy groups of X are given by

7T5X = {7Tn+k,nX}n€Z = {7Tn+an}n€Z'
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Lemma I11.2.1.25. If R is a connective filtered ring spectrum and
M, N are connective filtered R-module spectra, then the relative tensor
product M @g N is connective.

Proof. One can compute the relative tensor product as a bar construc-
tion:

M®N ~|M®R®°*N|.
R

Since the t-structure on filtered spectra is compatible with the sym-
metric monoidal structure, M ® R¥ ® N is connective for every k > 0.
Connective objects are closed under colimits in filtered spectra, so the
conclusion follows. O

If R is a connective filtered ring spectrum, then Modz(8p™) has a
natural ¢-structure such that the forgetful functor is t-exact, that is, it
is compatible with the one produced in Proposition I11.2.1.20. This is
not strictly necessary for any of the arguments we make, but it makes

certain statements needed later more clear.

Proposition I11.2.1.26. Let R be a filtered ring spectrum and let
Modg(8p™)=0 and Modg(8p™)<o denote the preimage of Sy and 8p'%
respectively. If R is connective, then this determines a t-structure on

Modg(8p™) such that the following hold:
(0) The forgetful functor Modg(8pt!) — 8p is t-exact.

1. The t-structure is compatible with the symmetric monoidal struc-
ture on Modg(8p"), and is compatible with filtered colimits.

2. The t-structure is left and right complete.

5. The heart is equivalent to Mod.rr(Ab®), and via this identi-
fication the functor wf: Modg(Sp™) — Mod,.rz(AD¥) can be
identified with the functor sending a filtered spectrum X to the
7t R-module {mp Xy }rez.-
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Proof. This is the special case of Proposition A.1.11 where € = 8p'l.

]

One reason why one might care about connective filtered spectra is
the following result.

Proposition 111.2.1.27. If a filtered spectrum is connective, then it
is complete.

Proof. Let X be a connective filtered spectrum. We have to show that
limzer X ~ 0. Now consider the Milnor lim'-sequence

Since X is assumed connective we have that m(X;) = 0 for i > k. In
particular, lim; 74 (X;) =~ 0 for every k and the Mittag—Leffler condition
is satisfied. O

Construction I11.2.1.28. Let S;" denote the graded (1, 1)-sphere;
that is the graded spectrum with S' in degree 1 and which is 0 in
every other degree. We define S{S};'} = Freeg, (Sy;') to be the free
associative algebra on S3;! in graded spectra. It follows from [Lurl7b,
Prop. 4.1.1.18] that the underlying graded spectrum of S{S};'} is given

by
S{S' > @ (S~ @ Sy
1€~Lx0 1€~Lx0

Precomposing with the Yoneda embedding defines an E;-monoidal
functor
t: Zs — Pic(8p)

sending 1 to S'. Hence, we obtain a lax monoidal functor

)

Zs x Sp&r Lo Pic(Sp) x Sp S Sp

167



Marius Nielsen

which defines a lax monoidal functor
XF: Spft — Spft,

given on objects by { Xy }rez = {E* Xy }rez. It is easy to verify that
this lax monoidal functor is monoidal. We name this functor the
shearing functor.

Remark II1.2.1.29. There is also a double shearing functor given by
{ X hez — {E%* X }rez. This can be seen to be symmetric monoidal
when working Z-linearly or even MU-linearly. See for example [Dev24,
Lemma 2.1.3].

Remark I11.2.1.30. If H: Ab® — Sp# denotes the inclusion of the
heart, and M := { My }rez is a graded abelian group, then the graded
spectrum H (M) is given by {%H (M,,)}rez, where H: Ab — 8p is the
usual Eilenberg—Maclane functor. This also agrees with the composite
of the shearing functor ¥* and applying H level-wise. We will usually
not denote the functors H and H.

Definition ITI.2.1.31. For a spectrum X the Whitehead tower of X
is the filtered spectrum

T}oX = [ = T}nX — T}n_lX — .. ]
Here 7, X sits in filtration degree n.

Remark IT1.2.1.32. For any spectrum X, the Whitehead tower 7., X
is a connective filtered spectrum.

Proposition II1.2.1.33 ([[Hed20, Prop. 11.1.26]). The association
X > 5. X refines to a lax symmetric monoidal functor Ts: Sp — Sp't.

Proof. The functor can be defined as the composite

8 const S fil S flo SN Spfll

all of which are lax symmetric monoidal. ]
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Example II1.2.1.34. For a spectrum X the associated graded of
the Whitehead tower of X is the graded spectrum ¥*7m, X whose k-th
graded piece is given by Y¥m, X. In particular, it is discrete in the
diagonal t-structure on Sp#'.

Example I11.2.1.35. It is often possible to write spectral sequences
of interest as the spectral sequence associated to a filtered spectrum.
We learned the following list of examples from Robert Burklund.

1. If G is a finite group and X is a spectrum with a G-action, then
the spectral sequence associated to the filtered spectrum

Too(X)"C

is a version of the homotopy fixed points spectral sequence for
X and G. To see this note that the Ej-page is given by the
bigraded homotopy groups of

g1, (T>e (X)) = (271, X)"C.

2. If X is a space and M is any spectrum, then the spectral sequence
associated to 7>4 M ® £ X is a version of the Atiyah-Hirzebruch
spectral sequence computing M, (X).

Example II1.2.1.36. For every X € 8Sp we can compute the t-
structure homotopy groups of 7-,X as

{ﬂ-n—ﬁ-kX}nEZ k 2 0

ﬂ-IIcDT?'X = {7T7L+k7>nX}nEZ = {0 E<0

In fact, for any connective filtered spectrum Y, the map Y — gr. Y,
induced by the unit map S*° — Cr, is the O-truncation of Y.
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Construction II1.2.1.37. If f: R — S is a map of ring spectra, then
there is a commutative square:

Mods —*= Mod,. 4 (8p™)

lf* l(‘r}of)*

Modg —=* Mod,.,z(Sp™).

Here the vertical functors are restriction of scalars. Now, since both f,
and (7>,)s admit left adjoints, we obtain a canonical Beck—Chevalley
natural transformation

Or: (T2ef) o0 = Toe(f7),

which on an R-module M produces a map

O T=eS @ T>.M—>T>.(S(§M).

T}.

In the next section we will study flat maps of filtered ring spectra.
One particular example of such maps are the maps induced by 7,-
flat maps via the Postnikov tower, in this situation the map ¢ from
Construction I11.2.1.37 is an equivalence.

1I1.2.2 The flat topology on filtered ring
spectra
We will now define and study flat maps of filtered ring spectra. In order

to do so, we use the theory of Dirac geometry developed by Hesselholt
and Pstragowski in [HP25] and [HP24].

Definition I11.2.2.1 ([HP25, Definition 3.6]). Let R € CAlg(Ab®")
be a Dirac ring, then an R-module M is flat if the functor

M% —: Modg(Ab®") — Modgr(Ab*")
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is exact.

Remark III.2.2.2. Recall that the ¢-structure homotopy groups on
filtered spectra' define functors 7f: §pfil — Ab®, for every k € Z.
Recall that the Postnikov ¢-structure is compatible with the symmet-
ric monoidal structure on 8pi'. In particular, if R is a filtered ring
spectrum, then 7l R is a Dirac ring, and 7£' R is a graded module over
7’ R. Furthermore, if M is a graded R-module spectrum, then 7t M
is a ¢’ R-module for every k € Z.

Definition I11.2.2.3. Let R € CAlg(8p™) be a filtered ring spectrum.
A filtered R-module spectrum M € Modg(8p") is flat if 7f’ M is flat
as a graded module over the Dirac ring 7} R and the canonical map

™R @ 7 M — aPM
P
T R

is an equivalence. A map of filtered ring spectra R — S is flat if S is
flat when considered as an R-module.

Lemma I11.2.2.4. Let R — S be a map of filtered ring spectra and
let M be a filtered S-module spectrum. If M is flat over S and S is
flat over R, then M is flat over R.

Proof. Tt is clear that w%' M is flat over ¥’ R. So it remains to see that

™R ® atM — P M

P
Ty R

is an equivalence for every n. Since M is a flat S-module and 7'M is
a 7§’ S-module, we see that every map in the composite

P P ~ P P P
Ty RQppmg M —— 1 R®rpmy S ®prgmy M

lw

—>
T O rrgmy M m, M

1With respect to the Postnikov t-structure.
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is an equivalence. Hence, so is the composite, which is what we wanted
to prove. L]

Remark III.2.2.5. This is analogous to the definition of flatness
introduced by Lurie in [Lurl7b]. It is possible to make an analogous
definition in every symmetric monoidal stable oco-category with a t-
structure which is compatible with the symmetric monoidal structure.
We develop this idea in Appendix A.1.

Proposition I11.2.2.6. If R is a filtered ring spectrum and M, N
are filtered R-module spectra, then there is a spectral sequence with
signature

EP =1, (2P M E*% . S*rIN) = ) (M%) N).

Furthermore, if R,M and N are bounded below, then the spectral
sequence is convergent.

Proof. This is an application of Proposition A.1.4. [

Remark II1.2.2.7. Recall that the functor ¥* is monoidal, so if R, M
and N are as in Proposition [11.2.2.6 we obtain an equivalence

YrPfM @ YaPN o~ (zPM @ ©I'N).
Y*rPR PR

Definition II1.2.2.8. Let R, M and N be as above, then define the
Kiinneth spectral sequence computing 77(M ®g N) to be the spectral
sequence in Proposition [11.2.2.6.

Proposition 111.2.2.9. Let R be a connective filtered ring spectrum
and M, N be connective filtered R-module spectra. If M is flat, then
there is an isomorphism

P(M@N)=rPM @ sffN=xfM ® 7IN.
R

PR R
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Proof. This is Proposition A.1.24 applied to the situation above. [

Definition II1.2.2.10. If R is a filtered ring spectrum and M is a
filtered R-module spectrum, then we say that M is faithful if the
functor

M% —: Modg(8p™) — Modz(Sp™)

is conservative. We say that a map of filtered ring spectra R — S is
faithfully flat if and only if S is faithful and flat as an R-module.

Remark I11.2.2.11. If f: R — S is a flat map of connective filtered
ring spectra, then f is faithful if and only if 7l f: 7#f' R — =l'S is
faithful. This is an easy application of the Kiinneth spectral sequence.
Proposition 111.2.2.12. A map of connective filtered ring spectra
f: R— S, which is a monomorphism on w, is faithfully flat if and
only if cof f is flat as an R-module.

Proof. Suppose first that f is faithfully flat. It follows from Re-
mark 111.2.2.11 and [HP25, Addendum 3.9] that m cof f is flat. So it
remains to see that the canonical map

"R ® mycof f — w¥ cof f
ﬂé)R

is an equivalence. This follows from the 5-lemma and using the long
exact sequence in homotopy for the cofiber sequence R — S — cof f.

Suppose instead that cof f is flat, then using [HP25, Addendum
3.9] again we obtain that 7}’ R — 7{’S is faithfully flat. It is easy to
see the base-change condition is verified using the long exact sequence
in homotopy. [

Proposition 111.2.2.13. Let R be a connective filtered ring spectrum.
If M is a flat R-module, then the functor

M ® —: Modg(8p™) — Modg(8p™)
R

1s t-exact.
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Proof. Since R is connective and M is flat, it follows that M is also
connective. Hence M ®pr — is right t-exact. Thus it suffices to show
that if N is a discrete R-module, then so is M ®g N. To see this we
note that by Corollary A.1.25 we have equivalences
aP(MN) =zl (M) @ tf!N=rfM ® nF'N
R PR mf'R
in graded abelian groups. The result follows immediately from our
assumption that 7t N = 0 for k # 0. O

Definition III1.2.2.14. A finite collection of maps of filtered ring
spectra {R — S;}ies is called a flat cover if the map

iel
is faithfully flat.

Proposition I11.2.2.15. If R is a connective filtered ring spectrum,
then there exists a finitary Grothendieck topology on CAlg(Spglo)}){). If
A € CAlg(8pL))r, then a sieve € C (CAlg(8pL))7) a is a covering
sieve if and only if it contains a flat cover of A.

Proof. The proof in [LLurb, Prop. B.6.1.3| carries over verbatim. The
only technical input is Proposition I11.2.2.9. [

Definition III1.2.2.16. Let R be a connective filtered ring spec-
trum. We refer to the Grothendieck topology in Proposition 111.2.2.15
as the flat topology on CAlg(8p)7. We denote the site given by
CAlg(Spglo)Op with the flat topology by FAff.

Proposition I11.2.2.17. Let R be a connective filtered ring spectrum
and C be a category with all limits. A functor F: CAlg(Spi)r — € is
a sheaf for the flat topology if and only if the following conditions are

satisfied.
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1. F preserves finite products.
2. For every flat cover R — S the canonical map

F(R) — lim F(S®r"t1)

[n]e
s an equivalence.
Proof. This follows immediately from [L.urb, Prop. A.3.3.1]. O

Remark I11.2.2.18. There is a version of Proposition [11.2.2.15 and
Proposition I11.2.2.17 where we do not require connectivity. This
however is not relevant for this paper, since the objects of interest to
us are usually connective.

Definition II1.2.2.19. Let R be a ring spectrum. An R-module
spectrum M is m,-flat over R if and only if 7, M is flat over the Dirac
ring ., R.

Lemma I11.2.2.20. If f: R — S is a m.-flat map of ring spectra, then
for any R-module spectrum M the map

Grm: TS @ T>.M_>T>.<S<I>?M>

T}.
defined in Construction I11.2.1.37 is an equivalence.

Proof. By Lemma [11.2.1.25 the left-hand side is connective, hence
both sides are. It follows from Proposition I11.2.1.27 that both filtered
spectra are complete, so it suffices to show that the induced map
on associated graded is an equivalence. Now, gr,: 8pfll — 8p# is
symmetric monoidal so we have an equivalence

gr(12eS ® TooM) >gr,mmeS @ gr.melM

T>elR gr,T>e X

~¥r.S ® X*m.M.
R

ST
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Hence, we may reduce to showing that the map

YrS ® YmM = YXm(SQM)
S*m.R R
is an equivalence. One can see that the above map is an equivalence by
following the proof of [Lurl7b, Prop. 7.2.2.13]. The key input is that
since S is m,-flat over R, then the Dirac ring 7,.S is flat over m, R, so the
derived tensor product has no non-trivial higher homotopy groups. [

Proposition I11.2.2.21. A map of ring spectra f: R — S is (faith-
fully) me-flat if and only if the map Tsef : Tse R — T=4S is (faithfully)
flat.

Proof. Suppose f: R — S is m.-flat. We know that m}'(7se(—)) =
7.(—), so we immediately conclude that 7f (7-..9) is flat over 7f (7= R)
if and only if 7,5 is flat over m,R. It remains to check that if f is
m.-flat, then the base-change condition holds. This follows immediately
from Example I11.2.1.36.

Suppose now that f: R — S is faithfully flat. We have to check
that 7o f is faithful. By Remark I11.2.2.11 this can be checked on 7,
where it follows from f: R — S being faithful.

Finally, suppose that 7>, f is faithfully flat. If M is an R-module
with S®g M =~ 0, then by Lemma [11.2.2.20 we have that

TseS @ ToeM =~ 7>.(S§>;)M) ~ (.

T>e

Now, since 7, f is faithfully flat we see that 7o,M ~ 0, hence M ~
0. O

Corollary II1.2.2.22. The functor 7s,: CAlg — CAlg(8p') takes
me-flat covers to flat covers.

Corollary II1.2.2.23. The collection of jointly faithfully m.-flat maps
of commutative ring spectra forms a finitary Grothendieck topology on
CAlg(8p)°®r.
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Definition II1.2.2.24. A finite collection { R — S;} of m.-flat maps of
commutative ring spectra is a m,-flat cover if they are jointly faithfully
me-flat. This forms a Grothendieck topology by Corollary 111.2.2.23 and
we denote the site consisting of CAlg(8p)°® with the m,-flat topology
by Aff.

Proposition 111.2.2.25. If R is a commutative ring spectrum, and
f:7meR — S" is a flat map of filtered commutative ring spectra, then
there exists a m,-flat map of commutative ring spectra R — S and an
equivalence

T).S ~ S/

of filtered commutative ring spectra.

Proof. Since S’ is flat over 7-,R, we see immediately that S’ is con-
nective. Furthermore, the map X*m, R — gr, S’ is flat, since flat maps
are closed under base-change. In particular, gr, S’ is discrete in the
Postnikov ¢-structure. Since S’ is connective, this already tells us
that as a filtered spectrum S’ ~ 75,(5’[r7!]). We will now promote

this to an equivalence of commutative algebra objects in 8p'!. Since
1

Spfil LN Sp is symmetric monoidal, we get an induced adjunction

-1
CAlg(Sp™) :t CAlg(Sp).

In particular, we get an induced map S” — const(S’[77!]) of commu-

tative algebras. Now, since S’ is connective, this factors as a map of

commutative algebras through the connective cover 75,(S'[771]) —

const(S’[77!]). The induced map S’ — 75.(S’[77!]) is an equivalence,

by the above argument. [

Corollary I11.2.2.26. For any commutative ring spectrum R, the
functor .
Tse: CAlg(8p)r, — CAlg(Spfll)T>.R/
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restricts to an equivalence
7o CAlg(8p)y, = CAlg(8p™)). k-

Here CAlg(Sp)'}z/ and CAlg(Spfﬂ)L.R/ denote the full subcategories
spanned by m.-flat commutative R-algebras and flat commutative T4 R-
algebras respectively.

Proof. The functor
T>e: CAlg(8p)r; — CAlg(8p™)r..r/

is fully faithful, by a standard argument, see for instance Proposi-
tion I11.3.3.11. Furthermore, the functor restricts to the respective flat
subcategories by Proposition [11.2.2.21 and is essentially surjective by
Proposition 111.2.2.25. 0

Remark IT1.2.2.27. One might hope that 7f: CAlg(Spil)s, —
DRing exhibits similar behavior of determining flat algebras. However,
this is false in general, a counter-example can be constructed using
say group algebras for finite groups, cf. the introduction in[CNY24].
Instead, we consider one class of algebras where this is the case, namely
the etale algebras. Note, that Hesselholt—Pstragowski, show in [HP25,
Theorem 4.33] that for a commutative ring spectrum R, there is an

equivalence
CAIg(Sp)%/ — DRlngiR/

between the full subcategory of CAlg(8p)r, and DRing, z, spanned
by m.-etale commutative R-algebras and etale Dirac m,R-algebras
respectively.

Definition I11.2.2.28. A map R — S of filtered commutative ring
spectra is etale if it is flat and the induced map of Dirac rings 7J’ R —
7S is etale in the sense of [HP25, Definition 4.7].
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Remark IT1.2.2.29. It follows immediately that a map of commutative
ring spectra R — S is m,-etale if and only if 74 R — 7,5 is an etale
map of filtered commutative ring spectra.

Theorem I11.2.2.30. If R is a commutative ring spectrum, then the
functor .
i CAlg(Spm):’;R/ — DRinngt*R/

is an equivalence. In particular, CAlg(Spﬁl)i; Ry is a l-category.

Proof. The functor
m.: CAlg(8p)%, — DRing;' ,

factors as
CAlg(8p)%, e > CAlg(8p™)2t )
0
DRingf )

The functor 7=, is an equivalence by Corollary II1.2.2.26 and Re-
mark [11.2.2.29 and the composite is an equivalence by the etale rigidity
theorem proven by Hesselholt-Pstragowski [HP25, Theorem 4.33]. So
by 2-out-of-3 for equivalences, we see that

Ul CAIg(Spﬁl)i;.R/ — DRing 5,
is an equivalence. [

Remark I11.2.2.31. A much more general etale rigidity theorem was
proven by Jiachen Liang in [Lia26, Theorem 6.26], which also applies
to this setting. Since the proof was very simple in the case of filtered
commutative algebras in the image of 7-,: CAlg(Sp) — CAlg(Sp™),
we included it in this paper. The case of filtered commutative ring
spectra in the image of the Postnikov tower is also the only case we
need for the purposes of this paper
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II1.2.3 Digression: The spectrally flat
topology on filtered ring spectra

There is a finer topology on CAlg(8p'!) which also deserves to be called
the flat topology on CAlg(8pt). In this section we will introduce this
topology, and in the name of being thorough we will restate some of
the results from Section I11.2.2; that have analogous statements for
this topology. This is not meant to be a complete exposition of this
subject.

Definition II1.2.3.1. A map of filtered ring spectra f: R — S is
spectrally flat if mooR — m0S is a flat map of commutative rings and
for every n, k € Z the canonical map

Wn,kR 2y 71—O,OS — 7"-n,kzs

70,0

is an equivalence. We say that f: R — S is spectrally faithfully flat if
it is spectrally flat and the functor S ®g — is conservative.
A finite collection {R — S; }ies is a spectrally flat cover if the map

iel
is spectrally faithfully flat.
Remark III.2.3.2. If a map of filtered ring spectra is spectrally

(faithfully) flat, then it is faithfully flat. In particular, every spectrally
flat cover is a flat cover.

Proposition I11.2.3.3. Let R be a connective filtered ring spec-
trum, in this situation there exists a finitary Grothendieck topol-
ogy on CAlg(8ply))¥, such that, if A € CAlg(8ply)r, then a sieve
€ C (CAlg(8pi) %) a is a covering sieve if and only if it contains a
spectrally flat cover of A.
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Proof. The proof is essentially the same as in Proposition I11.2.2.15,
one just has to notice that the t-structure homotopy groups of a filtered
spectrum are intimately related to bigraded homotopy groups, and
carefully take care of the extra bookkeeping. O

Proposition II1.2.3.4. Let R be a connective filtered ring spectrum
and C is a category with all limits. A functor F': CAlg(Sp;ﬂo)R — C
is a sheaf for the spectrally flat topology if and only if the following
conditions are satisfied.

1. F preserves finite products.

2. For every spectrally flat cover R — S the canonical map

F(R) — lim F(S®r"+1)

[n]e
s an equivalence.
Proof. This is exactly as in Proposition [11.2.2.17. 0

Proposition I11.2.3.5. A map of ring spectra f: R — S is (faithfully)
flat if and only if the map Tsef: TseR — T54S is spectrally (faithfully)
flat.

Proof. The argument is essentially the same as in Proposition [11.2.2.21.
O

Corollary I11.2.3.6. The functor 7s,: CAlg — CAlg(8p™) takes flat
covers to spectrally flat covers.

I11.2.4 Faithfully flat descent

In this section we will prove faithfully flat descent for connective filtered
ring spectra. This follows the proof of faithfully flat descent for ring
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spectra by Lurie in [Lurb, Appendix D], and is our stepping stone
into a well functioning theory of filtered stacks. We want to add that
this section can be simplified significantly by using new technology
introduced by Burklund in forthcoming work on descent in general
topologies. We will touch briefly on this simplification in Section I11.2.5.

Remark II1.2.4.1. It follows from [Lurl7b, Theorem 4.5.3.1] that
for any presentably symmetric monoidal oo-category € there is a
functor Mod: CAlg(€) — CAlg(Pr*) which on objects is given by
R +— Modg(€) and by base-change on morphisms. The goal of this
section will be to see that this functor is a sheaf for the faithfully flat
topology on CAlg(8pf).

Notation III.2.4.2. In this situation of Remark [11.2.4.1, for any
map of algebras f: A — B € CAlg(C), we denote the induced functor
Mod4(€) — Modg(€) by f* and we denote its right adjoint, the
forgetful functor, by f..

Theorem II1.2.4.3. The functor Mod: CAlg(Spl)) — CAlg(Pr") is
a sheaf for the faithfully flat topology on CAlg(Spglo)OP. More precisely,

the following two conditions are satisfied:

1. The functor Mod: CAlg(8pfl)) — CAlg(Pr") preserves finite
products.

2. For every faithfully flat cover R — S of filtered ring spectra, the
canonical map

Modg(8p) — [li]m Modgeg n+1(Sp™)
nje

is an equivalence.

Lemma I11.2.4.4. The functor Mod: CAlg(8ph) — CAlg(Pr") pre-
serves finite products.
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Proof. We may reduce to the case where A ~ A; x A, € CAlg(Spt).
We want to show that the functor

p: Mod,(8p™) — Mod 4, (8p™) x Mod 4, (8p™)

induced by base-change along p;: A — A;, is an equivalence. Since p}
both admit right adjoints, it follows from [HY 17, Theorem 5.5] that p
admits a right adjoint given by

P = pr. X pau,

where p;, is the forgetful functor Mod 4, (8pf) — Mod 4 (8pf). It suffices
to prove the following two statements.

1. The functor p is conservative.
2. The functor p¥ is fully faithful.

We first show (1). This is clear since id ~ pfp, and hence p is fully
faithful and thus conservative.

For (2), let (M, My) € Mod 4, (8p™) x Mod 4, (8p™). We will show
that the counit pp®(M;, M) — M is an equivalence. Note, that it
suffices to show that the map

P:pR(Ml,Mz) — M,

is an equivalence for i € {1, 2}, that is the map A; ®4(M; x Ms) — M;
is an equivalence. Without loss of generality we prove this for ¢ = 1.
To see this, we start by examining the left-hand side:

AT ®(My x My) ~ (A1®A @ M) x (A1 ® Ay ® M)
A A Aq A Ao
~ (A®A QM)
A A
~ A ® M,
Ay
~ M1~
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Here the first equivalence follows from the equivalence A ~ A; x
A,y. The second equivalence follows from the fact that A; ®4 Ay ~ 0.
This can be seen using the Kiinneth spectral sequence to deduce that
T (A1 ®a Ag) = A1 ®,pam) Az, Now, since my preserves finite
products, we conclude that 7l (A; ®4 As) ~ 0. As a consequence
7P (A1 ®4 Ay) must be trivial. Finally, the third equivalence follows
from the fact that A; is an idempotent A-algebra. This can be seen
from the following computation:

A®AI ~AIQA X AR A
A A A
~ Al %)(Al X Ag)
~ Al'
This completes the proof. [

Lemma I11.2.4.5. Let f: A — B be a map of connective filtered ring
spectra. The following conditions are equivalent:

1. The functor
£ Mody(8p™) — Modg(Sp™)
s comonadic.

2. The functor

Mod 4 (8p™) — lim Modge 1 (Sp™)

[n]e
is an equivalence.

Proof. This is a standard argument and is completely analogous to
[Lurb, Lemma D.3.5.7]. O
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Remark I11.2.4.6. In order to prove Theorem I11.2.4.3 we are now
reduced to showing that for every faithfully flat map f: A — B of
connective filtered ring spectra, the functor

£*: Mody(8p™) — Modg(Sp™)

is comonadic. By the Barr—Beck—Lurie theorem [L.url7h, Theorem
4.7.3.5] this is equivalent to showing that f* is conservative and that for
every f*-split cosimplicial object M,: — Mod4(8p™), the limit exists
and is preserved by f*. Note that since Mod 4(8pf!) is presentable, the
limit exists, so we are reduced to seeing that the assembly map

¢ : [ (Tot(M,)) = Tot(f" (M)

is an equivalence. We first prove this in the special case where M,
takes values in Mod 4(8p™).

Lemma I111.2.4.7. Let f: A — B be a faithfully flat map of connective
filtered ring spectra and let My:  — Mod A(8p) be a f*-split cosimpli-
cial object. In this situation, if M, takes values in Mod 4(8p™)?, then
the totalization Tot(f*(M,)) is discrete and the augmentation map

¢ fT(Tot(M,)) = Tot(f*(M,))
is an equivalence.

Proof. Let f: A — B be a faithfully flat map of connective filtered
ring spectra and let M, be a discrete f*-split cosimplicial object. Since
M, is f*-split, the cosimplicial object 7} f*(M,) is split for every k
and hence

. Tot(f*(M)) — Tot(m f*(M.))
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is an equivalence. In particular, since f* is t-exact we have that

wF Tot(f*(M,)) = Tot(xl f*(M,))
= Tot(f*(m}, M.))

o ) Tot(f*(xf'M,)) k=0
~lo else.

It remains to be checked that ¢ps: f*(limpe (My)) — limpge (f*(My))
is an equivalence. This follows immediately from Lemma A.1.33 since
B is assumed to be flat, and thus has Tor-amplitude 0. 0

Proof of Theorem I11.2./.3. Let f: A — B be a faithfully flat cover
of connective filtered ring spectra. By combining Lemma [11.2.4.4,
Lemma [11.2.4.5 and the Barr—-Beck—Lurie theorem we are reduced to
showing the following two statements:

1. The functor f*: Mod4(8p™) — Modp(8p™) is conservative.

2. If M*: — Mod,(8p') is a f*-split cosimplicial diagram, then
the canonical augmentation map

f*(Tot M*) — Tot f*(M*)
is an equivalence.

The claim (1) follows from our assumption that f is faithful, so only
(2) remains to be proven.

Let M: — Mod4(8p™) be any f*-split cosimplicial object. We
claim that we can reduce to the case where M is discrete. For all
a < b € Z we define M,y = 747>, M to be the postcomposition
of M with 7<p7sq: Mod4(8p) — Mod4(8p™). Since f* is t-exact,
we see that f*(Mjy) ~ f*(M)qy. Since the diagonal t-structure
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on Mod4(8p™) (and Modp) is left and right complete, we obtain an
equivalence

colimg, oo lim M, p) =~ colimy oo Too M = M.
b—o0 ’

Similarly, we obtain equivalences
fH(M) ~ f*(colim,,_ o blim Miay)
—00
~ colimg, oo f*(lim M, y)
b—o0
~ colimg, oo lim f* (Mg y)
b—o00
~ colimg——o im f*(M)[ay)
b—o00

~ f*(M).

Here the first equivalence follows from our computation above, the
second follows from f* preserving colimits, the third follows from the
fact that f* is left t-exact; as a consequence the fiber

fib(f*(Miap+1)) = f*(Mjap)))

is discrete and concentrated in degree b + 1. Hence, the limit

I}LIEO ﬁb(f*(M[a,b—l—l]) — f*(M[aﬁ])) ~0
vanishes. The fourth equivalence we proved above and the fifth equiva-
lence is the same argument as the first.
In order to finish the proof we proceed via induction on n = b — a.
The case n = 0 is proven in Lemma [11.2.4.7, so it suffices to prove the
induction step. To see this we consider the fiber sequence

Miy1p41) = Mgy — Mgy,
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which induces a map of fiber sequences

f*(limpye JM[IIZH,HI]) — f*(limpye ]W[]Z,bJrl]) — f*(limpye Af[];b])

! | b

limpe f*(Mjjyypp0) — limpge [ (M) —— limpe 5 (M)

Here the left and right vertical maps are equivalences by our induction
hypothesis, and we conclude that the same holds for the middle vertical
map. [

Corollary II1.2.4.8. For any connective filtered ring spectrum R,
let Mod’,(Sp™) denote the full subcategory of Modr(Sp™) spanned by
modules which are flat over R. If R — S is faithfully flat, then the

equivalence

¢: Modg(Sp™) — [Li]ren Modgep k+1(Sp™)

restricts to an equivalence

Mod%(Spﬁl) — [E]Ien MOdg®R k+1 (Spﬁl).

In particular, an R-algebra R’ is (faithfully) flat if and only if the
algebra R ®@p SORFL is (faithfully) flat over SER*¥*L for every k.

Proof. 1t is clear that every map of filtered ring spectra carries flat
modules to flat modules. In particular, ¢ restricts to a fully faithful
functor

¢’ Mod’,(8pf) — [Ll]ren Mod ey, k1 (Sp™).

We claim that ¢ is also essentially surjective. It suffices to see that
a filtered R-module M is (faithfully) flat if and only if S®g M is
faithfully flat. It follows from the above that if M is (faithfully) flat,
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then so is S®gr M. Suppose that S®g M is (faithfully) flat. Since
R — S is faithfully flat, we know that M ®z N ~ 0 if and only if
SArMOrN ~SQrMK®sSR®r N ~ 0. It remains to be shown that
M is flat. By assumption, 7t (S®g M) is flat over 7l'S, so wf' M is
flat over 'R by [HP25, Lemma 3.18]. We will now show that the map

'R @ 7iM — aPM
W(I)DR

is an isomorphism. It follows from our assumptions that 77 R — 7’S
is a faithful, so it suffices to see that

'S @ atM~7P'S @ PR ® nfM — 78'S @ nF'M

rR R 'R PR
is an isomorphism. To see this consider the diagram

WfS@,rfRﬂfR(@ﬂ.{;Rﬂ'éD]W — wa@,rnprg’M — ﬂfR@W(z;RwéjS@ﬂévRﬂgM

! | L

LS ®ppr i M ——"—— 1l (S®r M) ¢—"—— 1/ R®,ppr 7} (S ®r M)

Here the top horizontal maps are equivalences, definitionally since S is
flat over R. The left horizontal map in the bottom is an equivalence
by Proposition [11.2.2.9 since S is flat over R. Furthermore, the right
horizontal map in the bottom is an equivalence since S ®gr M is flat
over S and thus by Lemma [11.2.2.4 flat over R, since S is flat over R.
Finally, the right vertical map is an equivalence by since R is connective,
and hence so are S and M. The case of M can be verified as follows. By
assumption S®gr M is flat over S and hence connective. In particular
M must be connective, since S ®p — is t-exact and detects connectivity.
In particular, if one inspects the Kiinneth spectral sequence for S ®r M,
one sees that 7y (S®r M) = m15'S®,rpmy M. We deduce, by 2-out-
of-3 that the remaining vertical maps are equivalences. [
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II1.2.5 Digression: m,-flat descent of ring
spectra

The results of Section I11.2.4 allow us to generalize Lurie’s theorem of
faithfully flat descent for ring spectra [Lurhb, Theorem D.6.3.1]", to the
case of maps R — S which are faithful and 7,-flat. The results of this
section have been proven separately by Robert Burklund using even
stronger descent technology.

Proposition II1.2.5.1 ([Bar23, Lemma 2.23]). The functors symmet-

' -1 .
ric monoidal functors Sp™ T— 8p and SpM AN Sp# provide Sp and
Sp& with canonical Sp™-module structures in Prl, such that Sp and
Sp® are both dualizable in MOdspﬁl(PrL). In particular, the functors

Modg,m (Pr*) — Pr* Modg,m (Pr*) — Modse (Pr"),

sending a Sp™-module M to Sp syt M and Sp* Qg,m M respectively,
preserves limits.

Remark II1.2.5.2. Since 77 8pfil — 8p is a smashing localization
we see that 8p ~ Mod,-150.0(8p). In particular, if R € CAlg(8p™) is
a commutative filtered ring spectrum, then we have equivalences

8p ® Modg(8p™) ~ Mod, 1500 (Sp™) ® Modg(8p™)
8pfil 8pfil

~ MOdelgo,O ®R(8pﬁl)

~ Mod,-1r(8p).

In particular, if R = 72,5 for some ring spectrum .S, then we have
an equivalence 8p ®s,m Mod,.,s(Sp™) ~ Modg(8p) in Pr". This is
explained in greater detail in [BHS26, Appendix A, Appendix B].

IThe cited theorem actually proves faithfully flat hyperdescent, we are only
generalizing the descent part of the statement
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Theorem 111.2.5.3. If R — S is a faithful and m,-flat map, then the
functor
Modg(8p) — }ﬁim Modger x+1(8p)
S

is an equivalence.

Proof. 1t follows from Proposition [11.2.2.21 that the induced map
TseR — 7545 is a faithfully flat map of filtered ring spectra. Therefore,
by Theorem I11.2.4.3 we get that the functor

Mod

R(Spfil> N }flm Mod fil)
S

R

T>e
= T>e

z

is an equivalence. Hence, following the computations of Remark [11.2.5.2
we see that the induced map

Modg(8p) — lim Modge 41 (Sp)
S

is an equivalence. It can be checked, using that 7, is a section of
771, that the equivalence above agrees with the functor induced by
base-change along R — S. O]

Remark II1.2.5.4. In [Mat16, Section 3.3] Mathew introduces the
notion of the descendable maps of commutative algebra objects in a
presentably symmetric monoidal stable category € and proves that the
Grothendieck topology on CAlg(C)°P associated to this class of maps
is the coarsest topology for which the functor

CAlg(€) — Cat

sending R € CAlg(C) to ModModR(PrL) is a sheaf. Unfortunately,
not all flat maps of (filtered) ring spectra are descendable cf. [Aok24,
Theorem 3.15], so this does not provide a proof of faithfully flat descent.
However, there is a coarser topology, introduced by Burklund, called
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the phantom descendable topology and it is the coarsest topology on
CAlg(€)°P for which the functor

CAlg(€) 0O, &5

is a sheaf. In fact, one can show using a version of Lazard’s theorem
that every faithfully flat map of (filtered) ring spectra is phantom
descendable. We will not pursue this avenue in this paper, but hope
to do so in the future.
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Chapter 111.3

Filtered stacks: stacks

II1.3.1 Filtered stacks

We will now produce a general theory of filtered stacks building on
the results of Chapter II1.2. Since the category CAIg(Sp;ﬂO) is large
we will use the language of stacks on large categories introduced by
Balderrama-Davies-Linskens in [BDL25, Part 2]. There are multiple
ways to solve the set-theoretical issues at play when considering stacks
on large categories. We choose this one, since it is the most well-suited
for our purposes.

The following definition is a special case of [BD1.25, Definition 2.1.1.5]

in the case of FAff.

Definition ITI.3.1.1. We define the category of filtered stacks to be
the colimit
FStack = colime,cpas Shv(Co).

indexed over all small subsites of FAff. Here FAff denotes the site
(CAlg(8ph)), flat) as defined in Definition II1.2.2.16.

Remark III.3.1.2. Balderrama—Davies—Linskens assume the topology
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in question is subcanonical; in the case of FAff this is a consequence
of faithfully flat descent Theorem I11.2.4.3.

The above definition of stacks is compatible with the usual universal
property of sheaves.

Proposition I11.3.1.3 ([BDL.25, Eq. 2.1.1.8, Prop. 2.1.2.2]). There is
a well-defined Yoneda embedding Spec: FAff — FStack. Furthermore,
if D is a category with small limits, then restriction along Spec defines

a fully faithful functor
Fun®(FStack, D) — Fun(CAlg(8pLy), D),
with essential image given by the sheaves for the flat topology.

Definition II1.3.1.4. A filtered stack X is affine if it is in the essential
image of Spec: FAff — FStack.

Proposition I11.3.1.5. The spectrum functor Spec: FAff — FStack
is fully faithful.

Proof. Since the flat topology on FAff is subcanonical, the Yoneda
embedding defines a fully faithful functor €y — Shv(Cy) for every small
subsite Gy C FAff. Sigge fully faithful functors are closed under filtered
colimits in Fun(A'!, Cat), we conclude that Spec: FAff — FStack is
fully faithful. [

Remark I11.3.1.6. It follows from Proposition I11.2.1.23 that the cate-
gory CAlg(8pl}) is accessible, and we deduce from [BDL25, Cor. 2.1.2.5]
that there is an equivalence

colim, Shv(FAff,) = FStack.

Here the colimit is indexed over all sufficiently large regular cardinals
r and FAff, denotes the full subcategory of k-cocompact objects.
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Remark II1.3.1.7. It follows from Proposition I11.2.1.23 that the
FAff is coaccessible. In particular, the argument from Remark A.2.12
applies, so every filtered stack can be written as a colimit of affines.

Proposition I11.3.1.8. The functor 7=4: CAlg — CAlg(8pLy) is a
map of sites.

Proof. 1t follows from Corollary I11.2.2.22 that 7, preserves flat covers,
so it suffices to prove that 7-, preserves pushouts along flat maps, which
we prove in Lemma [11.2.2.20. 0

Theorem IT1.3.1.9. There is a colimit preserving functor
(—)": Stk — FStack,
such that (Spec R)™ ~ Spec(7seR).

Proof. The existence part follows from [BDL.25, Prop. 2.1.2.6] applied to
the map of sites 7o : Aff — FAff. In the proof of [BDL.25, Prop. 2.1.2.6]
the functor is constructed as the colimit of a natural transformations
of functors all of which are compatible with the Yoneda embedding, it
follows that the functor is compatible with Spec. 0

Theorem II1.3.1.10. The functor mj : CAlg(8p%)) — DRing induces
an exact map of sites

FAff — DAff.

In particular, there exists a left exact colimit preserving functor
(—)¥: FStack — DStk.

Furthermore, for any affine filtered stack Spec R, we have a canonical
equivalence (Spec R)” ~ Spec 7!’ R.

195



Marius Nielsen

Proof. Let R — S be a flat map of connective filtered ring spectra,
in this situation 7’R — 7{’S is flat by definition, and it follows
by inspecting the Kiinneth spectral sequence that 78 (S®gr M) =~
7t S Qnr R 7’ M for any connective filtered R-module M. Thus, the
functor (—)¥: FAff — DAff preserves covers and pullbacks. So it
suffices to prove that it preserves the terminal object. This is clear
since 78'S%? = Z[0]. Finally, the identification (Spec R)* ~ Spec 7!’ R
is done similarly to the proof of Theorem I11.3.1.9. 0

Notation ITI.3.1.11. If X = Spec R is an affine spectral stack, we
use will usually use the notation Spec” R := (Spec R)™ = Spec >4 R.
Similarly, we use the notation Spec” R = (Spec R)" for any connective
filtered ring spectrum R. If R is any commutative ring spectrum, then
we abuse notation and write Spec” R = (Spec™ R)Y, for the associated
affine Dirac stack.

Definition ITI.3.1.12. A map of filtered stacks f: X — Y is affine if
for every affine Spec R and map Spec R — Y the pullback Spec R xy X
is an affine filtered stack. Furthermore, a map f: X — Y is flat if it is
affine and for every affine Spec R and map Spec R — Y the induced
map Spec S =~ Spec R Xy X — Spec R induces a flat map of filtered
ring spectra R — S. A map of filtered stacks X — Y is faithfully flat'
if it is flat and an effective epimorphism.

Remark II1.3.1.13. It is clear from their definition that flat and
affine maps are closed under pullbacks. We now prove the following
useful fact giving a condition under which a map, which pulls back to
an affine map, is affine. The result is completely analogous to [L.urb,

Prop. 9.3.1.1].

'We will also sometimes say such a map is a (faithfully) flat cover.
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Lemma II11.3.1.14. Let

x Ly

L, b

X sy

be a pullback square of filtered stacks. If [’ is affine and g is an effective
epimorphism, then f is affine. Furthermore, if f' is flat, then so is f.

Proof. Let Spec R — Y be any map. We need to show that Spec R Xy
X is affine. Since g: Y’ — Y is an effective epimorphism, it follows
from [HP24, Cor. B.7] that there exists a faithfully flat map of filtered
ring spectra R — Ry and a commutative diagram

Spec Ry xy+ X' . ¢
\ \
Spec Ry 9" > Y’
Spec R xy X > X g
\ \
Spec R > Y.

The map h: Spec Ry — Spec R is an effective epimorphism by faithfully
flat descent. Now, let R® denote the Cech nerve of R — Ry and consider
Spec R™ xy X. Using the pasting laws for pullbacks we see that

Spec R™ Xy X o~ Spec Rm+1 Xy X'
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By assumption f’: X’ — Y’ is affine, so Spec R Xy X ~ Spec A™
for some R™-algebra A™. Using faithfully flat descent of R — Ry, we
see that A™ ~ A®pr R™ for some R-algebra A'. Since colimits are
universal in FStack, we conclude that

Spec R xy X ~ (colimpye o» Spec R xy X
~ colimpye o»(Spec R* xy X))
~ colimje o» Spec A*
~ colime o» Spec A Xgpec R SPEC RF
~ Spec A Xgpec r (colimpye o» Spec R")
~ Spec A.

Here we have used in the first and last equivalence that h: Spec Ry —
Spec R is an effective epimorphism, and thus colime o» Spec RF ~
Spec R.

Finally, if f’ is flat, then A™ is flat over R™ for all m, thus A is
flat over R, which is what we wanted to prove. [

Remark II1.3.1.15. The proof of Lemma II1.3.1.14 is completely
analogous to the proof of [Lurb, Lemma 9.3.1.1]. We only spell it out
here in order to clarify details that we struggled to understand when
first learning of this result.

Corollary II1.3.1.16. Let X be a filtered stack and let FStaij‘gf(
denote the full subcategory of F'Stack,x spanned by affine morphisms
Z — X. If Y — X is an effective epimorphism, then the equivalence

FStack,x — lim FStack jy-« 1
[k]e

!To see this we emphasize that the system {A™}[,,jc determines and object in
the limit limge (CAlg(Modgm (8p™))), which is CAlg(Modg(8p™i')) by faithfully
flat descent.
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restricts to an equivalence
FStack§ = [gren FStack%ﬁxka :

Definition IT1.3.1.17. A filtered stack X is geometric if

1. there exist an affine filtered stack Spec R and a faithfully flat
cover Spec R — X.

2. The diagonal X — X x X is affine.

Remark ITI1.3.1.18. The definition of geometric stack above differs
from the definition in [BD1.25, Definition 3.4.1.1], where they do not ask
for condition (2) in Definition I11.3.1.17. Our definition is in agreement
with often what shows up more commonly in the literature. We choose
to include this condition since it allows us to prove that the descent
spectral sequence for a geometric stack does not depend on a choice
of atlas, cf. [CDN25, Lemma 2.3]'. Condition (2) also implies the
following: Let Spec R — X and Spec S — X be any pair of maps into
a geometric stack, then Spec R x y Spec S is affine. To see this, consider
the pullback diagram

Spec R X x Spec.S —— Spec R x Spec S

| |

X A s X x X,

The upper left corner is affine, since Spec R x Spec .S ~ Spec(R® S)
and A: X — X x X is assumed to be an affine map.

IThe cited result requires strictly stronger assumptions than what is present in
our context, which is why we are purposefully vague. We will provide a precise
statement later in the paper.
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Remark ITI.3.1.19. If X is a geometric filtered stack and p: Spec R —
X and ¢: SpecS — X are flat covers, then there exists a flat cover
refining them in the following sense. Consider the pullback diagram

Spec R X x Spec S —— Spec S

| |

SpecR —— 2> X,

Since p is affine, Spec R X x Spec .S ~ Spec A and the maps R — A and
S — A are both flat. Indeed, they are actually faithfully flat, by our
assumption that p and ¢ are flat covers. In particular, the composite
Spec A — X is a faithfully flat cover. It follows from the above, that
if R =5 and p = ¢, then Spec Ry ~ Spec R Xx Spec R — X is a
faithfully flat cover and R — R; is faithfully flat. Moreover, if Spec R,
is the Cech nerve of Spec R — X, then the same conclusions hold for
every face map of the simplicial diagram. This property of geometric
stacks turns out to characterize them in the following sense.

Proposition I11.3.1.20. A filtered stack X is geometric if and only if
there exists a groupotid object X: °P — FStack with colim o X ~ X
and which factors through FAff: that is, for all [k] €

X = X([k]) = Spec Ay

for some connective filtered ring spectrum Ay, and all the face maps are

faithfully flat.

Proof. Tt follows from [BDL.25, Prop. 2.1.2.9] that groupoids in FStack
are effective, in particular if X is geometric and p: Spec R — X
is a faithfully flat cover, then the groupoid obtained by the Cech
nerve of p satisfies the needed conditions by our considerations in Re-
mark I11.3.1.19. Likewise, if X: ©°P — FStack is a groupoid taking val-
ues in FAff with faithfully flat face maps, then Xy — colimy)e o» X, =~
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X is an effective epimorphism. It remains to be seen that X, — X is
flat. This follows immediately from the pullback diagram

XlLXO

[«

Xog — X.

Here, dy is faithfully flat by assumption and X, — X is an effective
epimorphism, thus it follows from Lemma [11.3.1.14 that Xqg — X is
flat too. O

Definition IT1.3.1.21 ([BDL25, Definition 3.4.2.1]). A map of geo-
metric filtered stacks f: X — Y is geometrically flat if for every pair
of flat covers Spec R — Y and Spec S — X the map

Spec A ~ Spec S xy Spec R — Spec R

induces a flat map R — A of filtered ring spectra. We say that f is
faithfully geometrically flat if it is also an effective epimorphism.

Remark II1.3.1.22. Not all geometrically flat maps of geometric
filtered stacks are flat. For instance, they can fail to be affine, see
[BDL25, Example 3.4.2.2] for a discussion in the non-filtered setting.

Lemma I11.3.1.23. If Spec.S — Spec R is a flat map of affine spectral
stacks, then for any SpecT — Spec R, the augmentation map

(Spec S Xgpec g SpecT)” — Spec” S Xgpeer g Spec” T
s an equivalence.

Proof. Since (Spec S Xgpec r SpecT)™ and Spec” S Xgpee g Spec” T' are
both affine, it suffices to see that the induced map on global sections
is an equivalence. That is, we have to see that 7245 ®r ,r TeT —
T>e(S®prT) is an equivalence. This follows from Lemma [11.2.2.20,
since R — S is flat. [
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Lemma II1.3.1.24. If X — Spec R is a geometrically flat map of
geometric stacks, then for any affine Spec S and map Spec .S — Spec R
the canonical map

(Spec S X Spec R X)T — SpeCT S X Spec™ R X7
s an equivalence.

Proof. Let Spec R" — X be a faithfully flat cover, such that we have
colimpye o» Spec R"*X k+1 ~ X Furthermore, let Y := Spec S X Spec R X

and let Y}[z’f] =Y X x Spec R™*x¥*1 Since Spec R’ — X is a faithfully
flat cover, so is Y}g,)] — Y and thus

COlim[k]e op Ylgf] —Y

is an equivalence. Note that v~ Spec S Xspec g (Spec R*xF1) for
every k € . In particular, Lemma [I1.3.1.23 implies that

(YI.[{]?])T ~ Spec” S Xgpeer g (Spec R>XFHH)T,
Putting it all together we see that
Y™ ~ (colimpye op Ygf])T
~ colimpe op (Ylgf])T
~ colimpge o» Spec’ S Xgpec™ R (Spec R/XX]C-‘rl)T

~ Spec” S Xgpecr g (colimpge o» Spec R/>xktyT
~ Spec” S Xgpecmr X .

Here we use that (—)7 preserves colimits twice. ]

Remark II1.3.1.25. If we instead assume that the map X — Spec R
is flat in Lemma [11.3.1.24, then the claim reduces to Lemma I11.3.1.23
since flat maps are assumed to be affine, so X must be affine.
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Proposition I11.3.1.26. If p: X — X' is a (geometrically) flat map
of geometric stacks, then for any geometric stackY and map Y — X’
the canonical map

(Y X xr X)T — Y7 X(xnr X7
is an equivalence.

Proof. Suppose first that X’ = Spec R is an affine filtered stack. Let
Spec A — Y be a flat cover of Y, such that colime o» Spec Akl ~
Y. Furthermore, let Y/ :=Y Xgpecg X and Yf[‘k] = Spec AXVFHL Y/
such that the squares

v % y X
lpA lp’ lp
Spec AXvk+l » Y > Spec R
are cartesian for every [k] € . Note that Y4 — Y’ is an effective

epimorphism, so we have an equivalence colime op YAX vty
One can check inductively that

k1 k
Y Y/[‘] ~ Spec AVF x g cen X

Since Spec A — Y is a flat cover, it is in particular affine, hence so
is Spec A*v*+1 for every [k] € . Tt follows from Lemma I11.3.1.24 that

(Yf[lk})T ~ (Spec AYFH g o r X)T ~ (Spec AT xgoer r X7
Combining the above equivalence with the fact that Y4 — Y’ is an
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effective epimorphism we see that

Y’ >~ (colime YAXY'kH)T

~ colimye (v

~ colimpge ((Spec AYFINT X e XT)
~ (colimpe Spec AXYHI)T XSpec™ R X
~ YT XSpec™ R X,

This is what we wanted to prove. The case where X’ is any geometric
stack remains.

Let Spec R — X' be a faithfully flat cover of X’. In this situation
colimpe o» Spec R*x'F+1 o~ X' Tt follows from the functoriality of slice
categories that we get a commutative square

Stk/X/ —- lim[k]e Stk/SpecRXX/kH

l(—)f |#

FStack/(X/)T — lim[k]e FStaCk/(SpecRxX/k+1)T

where the horizontal functors are equivalences by [BDL25, Prop.2.1.2.9
(4)]. Here ¢ is the induced functor on the limit of the functors

StKgpee g xrttt o FStack g o, pxxt+1y. for every [k] € . Since prod-
ucts in slice categories are given by pullbacks we may reduce to showing
that if X — X’ is (geometrically) flat, then ¢(— x X) ~ ¢(—) x ¢(X),

which follows immediately from the case where X’ is affine. O]

Remark II1.3.1.27. The structure and proof of Proposition I11.3.1.26
follows the proof of [BDL25, Prop. 3.4.3.3] very closely. In fact, this
proof is very general and can be used to give criteria for which pullbacks
are preserved by a functor Stk(Cy) — Stk(€;) induced by a map of
sites Gy — €.
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Proposition I111.3.1.28. Let X be a geometric spectral stack. If
Y — X is a flat map of spectral stacks, then the map Y™ — X7 is a
flat map of filtered stacks.

Proof. Note, that our assumptions imply that Y is a geometric stack,
with affine cover given by Y x x Spec R — Y. Here Spec R — X is any
flat cover of X. Hence, Y7 — X7 is a map of geometric filtered stacks.
Let S be any connective filtered ring spectrum and let us consider a
map Spec .S — X7. We have to show that

1. Y7 x xr Spec S is an affine filtered stack.

2. The map Spec Sy >~ Y7 X x- Spec S — Spec S induces a flat map
S — Sy of filtered ring spectra.

Assume first that X = Spec R is affine. It follows that Y is affine
too. Let us denote it as Spec Ry = Y. Hence Y7 — X7 is a map
of affine filtered stacks. It follows from a standard Yoneda argument
that Y7 x x- Spec S is affine, which proves (1). We now prove (2).
Since ¥ — X is flat, we know that R — Ry is flat. It follows
from Proposition I11.2.2.21 that 7o4R — T>.Ry is flat. Now, since
Spec Sy = Y7 X x- Spec S is affine it remains to show that the induced
map S — Sy is flat, but Sy >~ 72e Ry ®,. g S so the claim follows from
Proposition I11.2.2.15.

Assume now that X is a geometric stack and that p: Spec R — X
is a faithfully flat cover. It follows from Proposition [11.3.1.26 that
p”: Spec” R — X7 is an effective epimorphism, since groupoids are
effective in FStack. We conclude from Lemma [11.3.1.14 that f7 is flat
if and only if the map Y7 X x- Spec” R — Spec” R is flat. We know
from Proposition 111.3.1.26 that

(Y xx Spec R)™ = Y7 xxr Spec” R
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is an equivalence, and that the map diagram

(Y xx SpecR)" = > Y7 X xr Spec” R

\ /

Spec” R

commutes. Hence we may reduce to the case where X is affine, which
we argued above. [

Corollary 111.3.1.29. If X is a geometric spectral stack, then X7 is
a geometric filtered stack.

Proof. Let Spec R — X be a flat cover. It follows from Proposi-
tion I11.3.1.28 that Spec” R — X7 is flat and from Proposition I11.3.1.26
that it is an effective epimorphism. [

II1.3.2 Quasi-coherent sheaves

We now introduce the category of quasi-coherent sheaves on a filtered
stack. The theory of quasi-coherent sheaves for filtered stacks is
very reminiscent of the theory of quasi-coherent sheaves for spectral
stacks. In fact, we will show that if a filtered stack is in the image of
(—)7: Stk — FStack, then QCoh(X7) is a 1-parameter deformation of
QCoh(X) in the sense of [Bar23].

Construction III.3.2.1. Since 8p'lj is presentable the functor

Mod_)(8p™): FAff® — CAlg(Pr")

given by Spec A — Mod4(8p™). This functor factors through the
forgetful functor CAlg(Modg,m (Pr’)) — CAlg(Pr’). We will denote
functor with target CAlg(Modg,m (Pr”)) by the same name. Since
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Mod(_)(8p™) is a sheaf for the flat topology on FAff, it follows that it
is a quasi-coherent context in the sense [BDL.25, Definition 2.1.3.2]. In
particular, we obtain a limit preserving functor

QCoh: FStack® — CAlg(Modg,m(Pr"))
from [BDL25, Prop. 2.1.2.2].

The very categorical definition of QCoh immediately allows for the
following conclusions.

Remark II1.3.2.2. Let X be a filtered stack. The quasi-coherent
sheaves functor satisfies the following properties:

1. If X = Spec A for some connective filtered ring spectrum A, then

QCoh(X) = Mod 4(8p™).

2. Tt is the right Kan extension of
Mod(_(8p™): FAff — CAlg(Modg,m (Pr"))

along Spec: FAff — FStack, which agrees with the right Kan ex-
tension of Mod(_)(Spf“) postcomposed with either of the forgetful
functors

CAlg(Modg,m (Pr")) — Modg,m (Pr’) — Pr’.

This follows from the fact that both the forgetful functors preserve
and create limits.

3. The category QCoh(X) is a 8p™-module in Pr¥, where the mod-
ule structure comes from a symmetric monoidal colimit preserving

functor
~®0x: 8p — QCoh(X).

We denote the image of S™* under this functor by O?k.
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4. The category QCoh(X) is a presentably symmetric monoidal

208

stable category. We denote the monoidal unit by Ox.

. If M, N € QCoh(X) are quasi-coherent sheaves on X, then there

exists a filtered spectrum machoh(X)(M , N) with underlying
spectrum mapgcon(x) (M, V). If X = Spec A is affine, then this
agrees with the internal hom in Mod4(8p™). Furthermore, the
functor mapQCoh(X)(OX, —) is right adjoint to

—®0x: 8p™ — QCoh(X)

and we denote it by I'(X, —) := mapQCOh(X)(OX, -).

If f: X — Y is a map of filtered stacks, then there exists a

$pfil-linear symmetric monoidal colimit preserving functor
£+ QCoh(Y) — QCoh(X),

which admits a right adjoint f,, which is lax Spfil-linear. In
particular, it is lax symmetric monoidal.

. The f, functors assemble into a functor

I': FStack® — CAlg(Sp™),

given on a filtered stack Y as follows. The filtered stack Spec S*°
is terminal, so there exists a map f: Y — SpecS%Y. The value
of I' on Y is then given by

P(Y> - f*oY7

which is a filtered ring spectrum since f, is lax symmetric
monoidal.
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Definition II1.3.2.3. Let X be a filtered stack. We let QCoh(X)>
denote the full subcategory of QCoh(X) spanned by objects M such
that for any connective filtered ring spectrum A and map p: Spec A —
X the object p*M € Mod4(8pt) is connective.

Proposition I11.3.2.4. If X is a filtered stack, then QCoh(X)s is
the connective part of a t-structure on QCoh(X) such that the following
holds:

0. If colim;c; Spec A; >~ X, then the equivalence

QCoh(X) ~ lim Mody, (Sp™)

iclop
restricts to an equivalence

QCoh(X)so ~ lim Mody, (8p™)=o.

ielop
In particular QCoh(X ) is presentable.

1. IfF is a quasi-coherent sheaf such that for every map p: Spec A —
X the A-module p*F is coconnective, then F is coconnective.

2. The t-structure is compatible with the symmetric monoidal struc-
ture.

3. If f: X =Y is a map of filtered stacks, then f* is right t-exact,
and thus f, is left t-exact.

Proof. We first prove (0). Let QCoh(X)so be as above and choose
a presentation colim;c; Spec A; >~ X. In this situation we have an
equivalence

¢: QCoh(X) = lim Mod,, (Sp™).
1€ 1°P
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Let p;: lim;eror Mod 4, (8p™) — Mod 4, (8pf!) denote the canonical pro-
jection for every i € I. We claim that this equivalence restricts to an
equivalence

QCoh(X)> ~ lim Mod 4, (8p™)-o.

ielop

Note, that since A; is connective for every i and for every ¢ — j in [ the
induced map Mod 4, (8p™™') — Mod 4, (8p™) is right t-exact, the diagram
F: I — FStack — Pr” has a subfunctor with value Mod 4, (Sp™)~, for
all 7 € I. Furthermore, the map

QCoh(X) — lim Mody, (8p™)
el°op

sends QCoh(X)sg to limgezor Mod 4,(8pfi!)~¢ by definition, so the func-
tor restricts and we conclude that the restriction is fully faithful. It
remains to see that the restriction to QCoh(X)so, has essential image
lim;ejor Mod 4, (8p™) <o or equivalently if p;¢)M is connective for every
i € I, then M € QCoh(X)so. This is clear from the definition of
QCoh(X)>o.

Now we prove that this forms a t-structure on QCoh(X). We know
from (0), that QCoh(X)s is presentable so it follows from [Lurl7b,
Prop. 1.4.4.11] that there is a t-structure on QCoh(X) with connective
part given by QCoh(X)s if and only if QCoh(X)sq is closed under
extensions and colimits in QCoh(X). This is clear, since for every
map p: Spec R — X the functor p* is a colimit preserving functor
between stable categories and Modg(8pfi!)~, is closed under extensions
and colimits for all connective filtered ring spectra R.

We now prove (1). Suppose M is a quasi-coherent sheaf on X, such
that for any map p: Spec A — X the A-module p*M is coconnective,
then we have to show that for every N € QCoh(X)s, the mapping
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space Mapqeon(x)(IV, 2M) is contractible. We have equivalences

MapQCoh(X)(Na QM) ~ lim MapModAi (pioN, pipQM)

ieJop

~ lim Mapy;oq A (pioN, Qpip M)

ic]op

~ i t
icton P

~ pt.

Here, the first equivalence follows from ¢ being an equivalence, the
second follows from the fact that p;¢ is an exact functor, the third
follows from our assumption that M is coconnective when pulled
back to any affine and the fourth equivalence follows the fact that
contractible spaces are closed under limits.

For (2), we have to see that Ox is connective and that if M and
N are connective quasi-coherent sheaves on X, then so is M Q N.
Both of which are clear since for every map p: Spec R — X the
functor p*: QCoh(X) — Modg(8pt) is symmetric monoidal and the
t-structure on Modg(8p™) is compatible with the symmetric monoidal
structure.

Proving (3) remains. Let f: X — Y be a map of filtered stacks and
assume that F is a connective quasi-coherent sheaf on Y. It suffices
to see that for every map p: Spec A — X from an affine filtered stack
the A-module p*f*F ~ (pf)*F is connective. This is clear, since F is
connective if and only if it is connective when pulled back to any affine

filtered stack. O

Lemma 111.3.2.5. Let F,G: [ — Cat be functors and let ¢: FF — G
be a natural transformation. If ¢ satisfies the following properties:

1. For every i € I the functor ¢;: F(i) — G(i) admits a right
adjoint ¢, which is monadic.
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2. For every 1 — j € I the square

F(i) — F(j)

o e

G(i) — G()
is right adjointable.

Then the map
f: lilen? F(i) — lzler? G(7)

admits a right adjoint f%, and is monadic.

Proof. We aim to apply the Barr-Beck—Lurie theorem [Lurl7h, Theo-
rem 4.7.3.5]. So we must verify that

1. The functor f¥ is conservative.

2. The functor f¥ preserves f®-split geometric realizations of sim-
plicial objects.

It follows from [L.url7h, Prop. 4.7.4.19] that the diagram

limge; F(i) —2— F(j)

lf l%‘

limje; G(i) =" G(j)
is right adjointable for every j. The functors f;: lim;e; F'(i) — F(j)
are jointly conservative. We see that f% is conservative if and only if

qﬁf is conservative for every j € I, which follows from our assumption
that ¢f is monadic.
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Let X: ©°P — limye; G(i) be a ff-split simplicial object. Since the
above square is right adjointable, we observe that g; X is qbf”—split for
every j € I. In particular, its geometric realization is preserved by gbf.
We want to see that f# preserves the geometric realization of X. To
see this recall that the mapping spaces in a limit are computed as the
limit of mapping spaces, and hence we obtain the following string of
equivalences:

MaphmiQF(i)(fR(colim o0 X),Y) ~ liigl MapF(i)(fifR(colim[n]e oo Xp), fiY)
~ liigl MapF(i)(nglei(colim oo X), f;Y)
~ liigl Map ;) (colim o oRgi(X), [;Y)
~ lim lim Map g, (¢/79:(X,), fiY)

i€l [n]e

~ lim lim Mapp(i)((bﬁgi(Xn), fiY)

mle i€l
= [E]ren Maplimiej F(i)((bzRgi(Xn)? fiY')
~ [}11}21 Mapyp, ., roy (fif "X, [iY)
>~ Mapy,., @) (colimpje o RX,,,Y).
This completes the proof. 0

Proposition II1.3.2.6. Ifp: X — Y is an affine morphism of filtered
stacks, then the functor

p*: QCoh(Y) — QCoh(X)

is comonadic. That is, in the commutative triangle

QCoh(Y) p-Ox 8- » Mod,, o, (QCoh(Y))

N ﬁ*

QCoh(X)
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the map p*, induced by p*, is an equivalence.

Proof. Let p: X — Y be an affine map of filtered stacks. Consider
colim;c; Spec R; = Y a presentation of Y. In this situation, the fiber
product Spec R; Xy X ~ Spec R, is affine for every ¢ € I. Furthermore,
since colimits are universal in FStack we obtain an equivalence:

colim;¢; Spec R} ~ colim;c; Spec R; xy X
~ (colim;es Spec R;) Xy X
~ X.

Applying QCoh(—), we see that the horizontal maps in

QCoh(Y) —— lim;e oo Mod g, (8p™)

I |

QCOh(X) — hmiejop MOdR; (Spﬁl)
are equivalences. Therefore, we may reduce to showing that
f: 'li}n Modg, (8p™) — li}rn Mod  (8p™)
i€lop ielop :

is comonadic, which follows from Lemma I11.3.2.5 and the fact that
the forgetful functor Modg(8p™) — Mod 4(8p') is monadic for every
map of filtered ring spectra A — B. ]

Corollary I11.3.2.7. If f: X — Y 1is an affine map of filtered stacks,
then the functor f.: QCoh(X) — QCoh(Y) admits a right adjoint.

Corollary IT1.3.2.8 ([BDL25, Theorem 2.2.3.1.]). If X is a filtered
stack, then the functor

FStack’§ — CAlg(QCoh(X))*

sending an affine morphism f:Y — X to f.Oy is an equivalence.
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Proof. The functor FStack® — Cat sending X to FStack, x preserves
limits by Lemma [11.3.1.14. Thus, we may assume that X = Spec R is
affine, where the result follows from the well-known equivalence

CAlg(8p™)7, = CAlg(Modg(8p™))°.

Definition I11.3.2.9. Let X be a filtered stack and let
Spec, (—): CAlg(QCoh(X))” — FStack%f(

denote the inverse of the functor in Corollary I11.3.2.8. If A €
CAlg(QCoh(X)) is a quasi-coherent commutative algebra over X, then
the relative spectrum of A over X is the stack Spec (A).

Proposition I11.3.2.10. If the square

X M x

o

vy
is cartesian and f is affine, then the square

QCoh(Y) - QCoh(Y")

b

QCoh(X) —“= QCoh(X")
is right adjointable. That is the Beck—Chevalley map
B f, — fh*
is an equivalence.
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Proof. By Proposition 111.3.2.6 the map f: X — Y is universally 0-
affine. Hence, sois f': X' — Y, since affine maps are closed under pull-
back. In this situation the claim was proven in [BDL.25, Prop. 2.2.2.5

(D)]. [

Proposition I11.3.2.11. If f: Y — X is an affine map of filtered

stacks, then
fe: QCoh(Y) — QCoh(X)

18 t-exact.

Proof. Since f, is left t-exact by Proposition I11.3.2.4 it suffices to
show that for every F € QCoh(Y)" the quasi-coherent sheaf f.F is
discrete. Furthermore, we know that it is coconnective, so it suffices
to see that f,F is connective. Let p: Spec R — X be any map and let
h: SpecS =~ Spec Rx xY and q: SpecS — Y be the maps induced by
pulling back along f. By Proposition I11.3.2.10 we have an equivalence
p* [ F ~ h,q*F. Since F was discrete, ¢*F is connective, and hence

s0 is h.q*F by Proposition [11.2.1.26. Therefore, f,J is connective by
Proposition I11.3.2.4. [

Theorem II1.3.2.12. If X is a geometric filtered stack, then the
canonical t-structure on QCoh(X) satisfies the following properties.

1. If M € QCoh(X) is a quasi-coherent sheaf on X, then the
following are equivalent

(a) The quasi-coherent sheaf M is coconnective.

(b) If p: Spec R — X is a flat cover, then p*M is coconnective.
2. The t-structure is left and right complete.
3. The t-structure is compatible with filtered colimits.

4. There exists a functor QCoh(X )" — QCoh(X ).
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Proof. Fix a flat cover p: Spec R — X and let Spec R* denote the
Cech nerve of p. We start by proving (1). It follows from part (0) of
Proposition 111.3.2.4 that

QCoh(X)=0 < Modp(8p™)z0 3 Modgi (Sp™)=0 3 Modpz (Sp™)=0 §

is a limit diagram in Pr’. Moreover, the transition maps are left exact,
by the assumption that p* is a flat cover and Proposition 111.2.2.13.
It follows from [Lurb, Prop.C.2.3.4.] this is also a limit diagram in
Groth'™, the category of Grothendieck prestable categories with left
exact functors. So f*: QCoh(X)so — Modg(8p™)sg is left exact or
equivalently f*: QCoh(X) — Modg(8p™) is t-exact.

One can also check that f* is conservative. This can be seen as
follows. We have that f* ~ pop, where

p: QCoh(X) — [l]im Modg» (Sp™)
nie s

is the chosen equivalence, and po: lim,e , Modg» (8p™) — Modg(8p™)
is the canonical projection. Now, [0] €  is initial, so the diagram

lim[n}e s MOan (Spfﬂ)

Modg(8pfh) » Modgn (8p™)

commutes for every n. In particular, if f*F ~ 0, then p,p(F) ~ 0 for
every n. Now, the canonical functor

lim Modg» (8p™) — H Mod g (8p™),
[n]e s n]e

induced by the collection {py}mje ,, is conservative by [HP25, Lemma
B.1]. Hence, F ~ 0.
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Since f* is t-exact and conservative an object is (co)connective if
and only if its image under f* is (co)connective.

We now prove (2). We first prove that the t¢-structure is right
complete. Let F be a quasi-coherent sheaf on X. We have to show
that colimy 75, F — JF is an equivalence. Since f* is conservative it
suffices to see that

f*(colimy, 75, F) — f*(F)

is an equivalence. Now, f* preserves colimits and is t-exact by (1). So
the conclusion follows from Proposition [11.2.1.26. The argument to
see that the t-structure is left complete is analogous, if we can show
that

frlim 7 F) — lim f* (7<)

is an equivalence. To see this we consider the Milnor lim'-sequence

0 lim'w,, (F (i) = il (i J* (7)) = (7 (745) = .
Since f* is t-exact, the system {72, (f*(7<4F)) }rooo is Mittag—Leffler
for every n. Hence, the map

7l f*(r ) - limw? (7 (r) = lim (] (749)) = w2 (£4(9)
is an equivalence for every n. We conclude that f*(limy 7<;,F) —
limy, f*(7<1F) is an equivalence, since the Postnikov t-structure on
Modg(8pt) is separated.

We now prove (3). Let F: I — QCoh(X) be a filtered diagram
which factors through QCoh(X)¥. We have to show that colim;e; F'(i)
is discrete. Since f* is t-exact and conservative, it suffices to see
that colimer f*(F'(i)) ~ f*(colim;es F'(4)) is discrete. Now, since f*
is t-exact the R-module f*(F(i)) is discrete for every i € I. The
Postnikov t-structure was seen to be compatible with filtered colimits
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in Proposition 111.2.1.26, so colim f*(F'(7)) is discrete, which completes
the proof.
Finally, we prove (4). It follows from (1) and [Lurb, Prop. C.5.4.5]
that
QCoh(X)Y ~ [gren Mod g (8p™) Y.

A similar argument shows that

QCoh(XY)¥ ~ [E]m Mod,.p i (Ab#").
€
It follows from Proposition [11.2.1.26 that there exists an equivalence
Mod g (8p™)” = Mod,pge(Ab®). If we combine the above equiva-
lences, then we obtain the claim. All of these equivalences are sym-
metric monoidal. O

Remark I11.3.2.13. In the proof of (4) above, one could have con-
structed a generalized FEilenberg—Maclane functor

D(Mod,.¢ i (Ab#))=0 — Modgx (8p™) 0,

which induces an equivalence on the heart. This would have allowed
for a functorial comparison of hearts of the two categories. We decided
not to use this strategy, since we do not need this extra functoriality
for this paper.

For the final part of this section we will focus on etale morphisms
of filtered stacks, and show that a version of etale rigidity extends to
the class of geometric filtered stacks coming from geometric spectral
stacks.

Definition I11.3.2.14. A map f: Y — X of filtered stacks is etale
if it is affine and for every map Spec R — X the map SpecS ~
Spec R X x Y — Spec R is defined via an etale map R — S of filtered
commutative ring spectra.
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Remark I11.3.2.15. It follows immediately from the definition that
etale maps of filtered stacks are flat.

Remark I11.3.2.16. Similarly, we define a map of spectral stacks
X — Y to be etale if it is affine and the base-change to any affine is
m.-etale.

Proposition 111.3.2.17. If

vy Iy

Pl

x 1y x
is a cartesian square of filtered stacks and p: Y — X is an effective
epimorphism, then f is etale if and only if f' is.

Proof sketch. 1t is clear that if f is etale, then so is f’. So we focus
on the converse. The same argument as in Lemma [11.3.1.14 allows
us to reduce to the following claim: Let R — S be a faithfully flat
map of filtered ring, in this situation R — R’ is etale if and only if
S — R'®g S is etale. By Corollary 111.2.4.8 we know that R — R’
is flat if and only if S — R'®g S is flat, so we can reduce to the
analogous statement for Dirac rings, which we expect will appear in
future work of Hesselholt—Pstragowski. O

Warning 111.3.2.18. This proof relies on a result that we expect to
appear in future work of Hesselholt—Pstragowski. For this reason we
have denoted the above argument as a proof sketch. The following
results are reliant on this result and as a consequence, we encourage
the reader to think of the results as conjectural or contingent on the
relevant statements.
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Theorem II1.3.2.19. If X is a geometric spectral stack, then the
functors

_\T _\©
Stk x s FStack,x- s DStk  yao

restricts to an equivalence on the full subcategories Stkj’fx7 FStack?tXT,
and DStk‘;‘fXd@ spanned by spectral (respectively filtered, respectively
Dirac) etale stacks over X (respectively X7, respectively X ).

Proof. Let p: Spec R — X be a flat cover of X. It follows from
Corollary I11.3.1.29 and the analogous statement for (—)% that X7 and
X are geometric filtered and Dirac stacks respectively. In particular,
if Spec R®* — Spec R denotes the Cech nerve of p, then we obtain
equivalences

Stk x ~ [li}m Stk/spec rn, FStack,xr ~ [li}m FStack/gpecm rn s
n|e nje

and
DStk/XdO ~ [li]m DStk/ Spec s (R™) -
nje
The proof comes into steps

1. Show that the above equivalences restrict to the full subcategories
of etale stacks.

2. Apply etale rigidity, Theorem I11.2.2.30, for commutative alge-
bras.

We first prove (1). Here we will only show the case of filtered stacks the
other two are analogous. Since etale maps are closed under base-change
we see that the functor restricts to a fully faithful functor

FStack?tXT — [li]m FStack/gpecm rn -
nje

This functor is essentially surjective by Proposition 111.3.2.17.
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We now prove (2). By (1), we may assume that X is affine, so we
are reduced to showing that the functors

Stk(;tSpecR — FStaCk(;tSpecT R DStkjtSPeC me R

are equivalences, but this is clear, since every etale morphism is affine,
and hence this reduces to Theorem [11.2.2.30 by Corollary I11.3.2.8 and
its spectral and Dirac variants. [

Remark II1.3.2.20. In the setting of MU-based synthetic spectra,
Robert Burklund has proposed an analogous argument in order to
construct Morava E-theories, by lifting their MU-homology, which are

p-completed etale algebras in D(Comodyy,mu) the derived category
of (MU,, MU,MU)-comodules.

I11.3.3 Deformations of QCoh from filtered
geometry

Now that we have established a well-functioning theory of quasi-
coherent sheaves on a filtered stack we want to connect this to the
theory of “synthetic deformations of stable categories”, which has
served as a strong tool in stable homotopy theory in the last couple of
years. In this section we see that if X is a spectral stack, then quasi-
coherent sheaves on X7 are a 1-parameter deformation of QCoh(X),
with special fiber given by QCoh(X"). Furthermore, we study the case
where X is geometric, which allows for a finer analysis of the situation.

Definition II1.3.3.1 ([Bar23, Definition 2.3]). If € € Modg,m (Pr") is
a Spfil-linear presentable stable category, then its generic fiber is given
by the relative tensor product:

Clr ' =C ® 8p.

Spfil
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Here the category of spectra is given a Sp-linear structure via the

-1
symmetric monoidal functor Spil =— Sp.
Furthermore, the special fiber of C is defined as the relative tensor

product:
gr,C:=C ® Sp?.
p

8§pfil

The 8pfil-linear structure on $p# is induced by the symmetric monoidal
functor gr, Spfi! — Sps*.

Definition III.3.3.2. If € € Modg,m (Pr") is Spfl-linear, then the
functors 771: 8pf! — 8p and gr,: §p' — §p# induce functors

¢ —=C[r ' and € — gr,C.

We denote these by 77! and gr, respectively.

Example II1.3.3.3. If R is a filtered ring spectrum, then the generic
fiber of Modg(8p™) is given by Modp,-1)(Sp) and the special fiber
is given by Modg, r(8p%). In particular, if R = 72,5 for some ring
spectrum S, then we see that the generic fiber is Modg(Sp) and the
special fiber is given by Modssr,s(8p") = D(Mod,, s(Ab®")).

Recall the following result, from Section I11.2.5.

Proposition I11.3.3.4 ([Bar23, Lemma 2.23.]). The functors

)il
Modg,a (Prt) 0L pyl

and
Modg,m (Pr%) 2% Mods,s (Pr?)

preserve limits.
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The proof of Proposition I11.3.3.4 is simple. It is proven directly that
Sp and Sp#" are dualizable as Sp-linear categories, which implies the
result. One might believe showing that these categories are dualizable
in Modg,m (Pr”) is difficult, but this turns out to be wrong. This is a
consequence of the extensive work on the topic of dualizability in Pr”
due to Maxime Ramzi and Sasha Efimov in recent years cf. [Ram24]
and turn out to have a very robust theory.

Proposition I11.3.3.5. If X is a filtered stack with a presentation
colim;es Spec R; = X, then the generic fiber of QCoh(X) is given by

QCoh(X)[r™"] =~ lim Modpg,;,-1)(8p),

ielop
and the special fiber is given by

gr, QCoh(X) =~ lim Mod,pp, (8p*) =~ QCoh(X"™).

ieop

In particular, if X = Y7 for some spectral stack'Y, then we obtain
equivalences

QCoh(Y™)[r'] = QCoh(Y) and gr,QCoh(Y™) = QCoh(Y).

Proof. This follows immediately from Proposition [11.3.3.4 and the fact
that there is an equivalence

QCoh(X) = lim Modg, (8p™).

i€Jop

The case where X = Y7 for some spectral stack Y, follows from the
above and Example [11.3.3.3. [

Remark I11.3.3.6. The above result already tells us that for a spectral
stack X the category QCoh(XT), carries a lot of information about the
stack X and its category of quasi-coherent sheaves. However, one tool
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which is readily available in the case of synthetic spectra is still missing.
Namely, the synthetic analogue v: 8p — Syng. The synthetic analogue
is lax symmetric monoidal, but does not preserve limits or colimits
in general. In fact, for an exact sequence of spectra X — Y — 7
the image v X — vY — vZ is exact if and only if the induced map
on B.Y — FE,Z is surjective. As a consequence we can not expect to
be able to construct a synthetic analogue v: QCoh(X) — QCoh(XT7)
using the methods above.

The rest of this section will be spent constructing such a functor in
the case of geometric spectral stacks and studying its properties.

Lemma I11.3.3.7. If F': C — D is a lax symmetric monoidal functor
of symmetric monoidal categories which admit geometric realizations,
then it defines a lax natural transformation of functors

F*: Mod_(€) = Modg (D),

when we consider Mod_(C) and Modp_y(D) as functors CAlg(C) —
Cat.

Furthermore, if CAlg(G)Fb denotes the wide subcategory of CAlg(C)
spanned by maps A — B, for which the natural transformation

F(B) & F(-) > F(B@-)

is an equivalence, then F* is a natural transformation when restricted
to CAlg(C)F".

Proof. For any symmetric monoidal category €, which admits colimits
of simplicial objects and where the tensor product preserves such
geometric realizations separately in each variable, the lax symmetric
monoidal functor

Alg(€) — Cat

225



Marius Nielsen

sending an associative algebra A to LMod4(€) is induced from a map
of operads LMod(€)® — Alg(€)® via straightening. Specifically, these
categories are given by the internal hom for the Boardman—Vogt tensor
product from LM and Assoc respectively, and the map is induced by
the forgetful functor LM — Assoc. This map is a cocartesian fibration
by the assumptions we made on C®. Dunn additivity' allows us to
define a functor
CAlg(@) x Fin, — Alg(C)®

refining the forgetful functor CAlg(C) — Alg(€). Consider the fiber
product

Mod(€)® := (CAlg(€) x Fin,) X ajgeey LMod(C)®.

Since LMod(€)® — Alg(€C)® was a cocartesian fibration, so is the
map Mod(C)® — CAlg(C) x Fin,. The fiber over any commutative
algebra A € CAlg(C) is exactly the symmetric monoidal category
Mod4(€)® — Fin,. Repeating this construction for D and using the
bifunctoriality of the Boardman—Vogt tensor product (and its internal
hom), we obtain a commutative diagram:

Mod(€)® —E— Mod(D)®

|

CAlg(@) x Fin, —— CAlg(D)

| |

CAlg(C) —E— CAlg(D).

Here the verticals maps are cocartesian fibrations by construction. Thus
the pullback F*Mod(D)® — CAlg(C) of Mod(D)® — CAlg(D) along

ISpecifically the identification Comm ®gv Assoc ~ Comm.
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F: CAlg(C) — CAlg(D) is also a cocartesian fibration the straighten-
ing. Furthermore, the functors Mod(_y(€), Modp_)(D): CAlg(C) —
Cat pin, obtained via straigthening are both take values in the sub-
category of symmetric monoidal categories and symmetric monoidal
functors.

By our assumption that F': € — D is lax symmetric monoidal or
equivalently F'®: C® — D® is a map of operads, we conclude that
the induced map F*: Mod(€)® — F*Mod(D)® straightens to a lax
natural transformation

F*: Mod(_(€) = Modp(_)(D).

It is clear that F* restricts to a natural transformation on CAlg(€)¥ g
O]

Proposition II1.3.3.8. If X is a geometric spectral stack and suppose
p: Spec R — X is a flat cover, then there exists a lax symmetric
monoidal functor

v: QCoh(X) — QCoh(XT),
such that the diagram

QCoh(X) —%— QCoh(X7)

lp* l(PT )

Modz(8p) LN ModT>.R(8pfil)

commautes.

Proof. Let Spec R* denote the Cech nerve of p. In this situation, we
have equivalences QCoh(X) =~ limy,)e Modg-(8p) and QCoh(X7) ~
limp,)e Mod,_, re(8p™M). In particular, there exists a diagram R*: —
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CAlg(8p) such that composing with Mod_(8p) and Mod..,(—)(8p™) re-
spectively defines the diagrams whose limit is QCoh(X) and QCoh(XT™)
respectively.

The (non-full) inclusion ¢ C isinitial [Lur09b, Lemma 6.2.3.7], so
we may restrict the diagram to 4. In this situation, the diagram takes
values in the wide subcategory CAlg(8p)” spanned by flat morphisms.
If we let CAlg(Sp)™+)" be defined as in Lemma 111.3.3.7, then it
follows from Lemma I11.2.2.20 that we have an inclusion CAlg(Sp)® C
CAlg(8Sp) (20)" As a consequence, Lemma [I1.3.3.7 provides a natural
transformation

Mod g+ (8p) = Mod(r., g)-(Sp™)

of functors  — CAlg(Cat)"™* with lax symmetric monoidal compo-
nents. Taking the limits of this natural transformation of diagram
induces a lax symmetric monoidal functor

v: QCoh(X) = QCoh(X). m

Definition II1.3.3.9. Let X be a geometric spectral stack. We define
the synthetic analogue for X to be the functor vx: QCoh(X) —
QCoh(X7) constructed in Proposition I11.3.3.8. We will sometimes
abusively just say the synthetic analogue and denote the functor by v,
if the choice of stack is clear from context.

Corollary I11.3.3.10. If X is a geometric spectral stack, then the
synthetic analogue is unital. That is the map Ox- — vOx provided by
the lax symmetric monoidal structure of v is an equivalence.

Proof. Let p: Spec R — X be a flat cover, then the diagram
QCoh(X) —“— QCoh(XT)

lp* l(PT)*

MOdR (8}?) l> MOd‘I}.R (Spﬁl>
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commutes by Proposition I11.3.3.8, and the functor (p™)* is conservative,
so it suffices to see that 7>.: Modg(8p) — Mod..,r(8p™) is unital,
which it is by construction. 0

Proposition II1.3.3.11. If X is a geometric spectral stack, then the
synthetic analogue v: QCoh(X) — QCoh(XT) is fully faithful.

Proof. Since fully faithful functors are closed under limits in Cat® it
suffices to see that 7=4: Modg(8p) — Mod,. r(8p™) is fully faithful
for every commutative ring spectrum R. To see this, recall that the
Postnikov tower functor 7,: 8p — 8pfil can be defined as the composite
of lax symmetric monoidal functors

P
1, . T/ . .
Sp RN Spﬁl BN Sp;ﬂo s Spm.

Hence, for any ring spectrum R, the functor
T>e: Modg(8p) — Mod.., (8p™)

agrees with the composite
.
0

Modg(8p) <% Mod,., (8p™) =% Mod,., (8pfh) — Mod,., 5(Sp™).

Since 7£y: Mod,. r(Sp™) — Mod. g(8p™) is right adjoint and we
know that 7'*17'2. ~ idg,, we see that

MAPNfod, __p (spti) (TseM, ToeN) =~ MADyfod,n(spi) (7L, const M, 71 const N)
~ MAaPy\iod, p(sp) (7L, const M, const N)
> MaPyod  (Sp) (77 '7L, const M, N)
~ mapMOdR(Sp)(M, N).
Here we have used that 77! is left adjoint to const in the third

equivalence. [
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Remark IT1.3.3.12. The synthetic analogue for X a priori depends
on a choice of flat cover of X. We will now see that the functor is
independent of the choice of flat cover of X.

Proposition 111.3.3.13. Let X be a geometric spectral stack. If
p: Spec R — X and q: SpecS — X are flat covers of X, then the
synthetic analogue v, defined via p and the synthetic analogue v, defined
via q are naturally equivalent.

Proof. Since p and ¢ are flat and hence affine. It follows that the
fiber product Spec R x x Spec .S =~ Spec A is affine. Let us define the
projections Spec A — Spec R and Spec A — SpecS by fr and fg
respectively. Let Spec R®, Spec S® and Spec A® denote the Cech nerves
of p, ¢ and pfr ~ qfs respectively. Using the same argument as in the
proof of Proposition I11.3.3.8 we obtain a map of spans

. . I

T>ofR T>'fS

Modge (8p) —2% 5 Mod e (Sp) ——2—— Modge(Sp)
LY
(8

Mod@,R. (Spfil) M0d7> Ao (Spfll) M0d7>.S° ﬁl).

It suffices to show that the horizontal maps induce equivalences upon
taking the limit. This is clear by 2-out-of-3 for equivalences of categories.
O

Proposition I11.3.3.14. If f: X — Y 1is a map of geometric spectral
stacks, then the diagram

QCoh(Y) —2— QCoh(Y7)

I Jor

QCoh(X) —2— QCoh(XT7)

commutes.
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Proof. Choose a flat cover p: Spec R — Y, such that X xy Spec R ~
Spec S is affine and defines a flat cover ¢: SpecS — X. Using the
same argument as in the proof of Proposition I11.3.3.8 we obtain a
square

MOdRc (Sp) E— MOdT}.R. (Spﬁl)

l !

Modge (8p) —— Mod,.,s«(Sp™),
giving the square in question upon taking limits. [

Remark I11.3.3.15. Using lax quasi-coherent sheaves' the results of
this section can be made fully functorial in stacks, providing a lax
natural transformation

Lax QCoh(—) = Lax QCoh((—)7)

of functors Stk — CAlg(Cat)®®*. The author might pursue this further
in the future.

Theorem II1.3.3.16. If X is a geometric spectral stack, then the
diagram

QCoh(X)

QCoh(X) QCoh(X %)

commutes.

Lax quasi-coherent sheaves is the theory one obtains from applying the lax
Kan extension of Mod_: CAlg(8p) — CAlg(Cat) along Spec(—) instead of Kan
extending as per usual.
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Proof. The functors sending a stack X to QCoh(X), QCoh(X7),
QCoh(X7)[r7!] and gr, QCoh(X™) ~ QCoh(X4") respectively, all pre-
serve limits, so we may reduce to the case where X is affine. In this
situation the conclusion follows from the results in Section [11.2.1. [

I11.3.4 Coherent cohomology

In this section we study the coherent cohomology of a filtered stack. The
cohomology I'(X, F) of a filtered stack X with coefficients in a quasi-
coherent sheaf JF is a filtered spectrum. In this section we will study
this filtered spectrum and show that the associated spectral sequence
interpolates between the coherent cohomology of gr,F € QCoh(X®)
and the cohomology of 77!F. Furthermore, in the special case where
X =Y7 is the associated filtered stack to a geometric spectral stack
Y, and F = v§ is in the image of the synthetic analogue, then we will
see that I'(Y", vG) is the filtered spectrum whose associated spectral
sequence is the descent spectral sequence for I'(Y, G).

Before we define cohomology it is relevant for us to be precise
about where the filtration arises from. This extra structure comes from
the fact that for any filtered stack X, the category of quasi-coherent
sheaves on X is 8p-linear in Pr’. This can be made more coherent
using enriched category theory, but the following construction suffices
for the purposes of this paper.

Construction III.3.4.1. Let € € Modg,m (Pr") be a 8pfil-linear pre-
sentable category and consider the functor

—®—: $pflee e,

provided as part of this structure. For any object ¢ € € this determines
a left adjoint functor
—®c: it = €,
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whose right adjoint we denote by map,(c,—): € — Spl. We will
denote the k-th filtered piece of mape(c, —) by map{(c, —). For any
object d € C we say that @e(c, d) is the filtered mapping spectrum
from ¢ to d.

Similarly, if € is Sp#'-linear, then for every ¢ € € we obtain a graded
mapping spectrum functor

map¥'(c, —): € — Sp*".

Proposition 111.3.4.2. Let C € MOdgpfil(PI'L) be a Spil-linear pre-
sentable category. If c,d € C are objects of, then the filtered mapping
spectrum mape(c, d) satisfies the following properties.

1. The k-th filtered piece is given by
mapf(c, d) ~ mape(S™* ®c, d).
In fact, @e(c, —) refines to a bifunctor.
2. If ¢ € @ is Sptil-atomic', then we have equivalences
T_lm_ape(c, d) = map@[rl](T_lc, 771d)

and
gr.map,(c,d) — map . (gr,c, gr.d).

3. IfC_: I — MOdSpﬁl(PI'L) is a diagram with limit € ~ lim;c; C;
and canonical projections p;: C — C;, then the canonical map

map(c,d) = limmap,, (pic, pid)

e the functor Spfl —2% € is an internal left adjoint in Modspm(PrL).
That is the functor mape(c,—): € — 8pfil preserves colimits and the map

X@mape(c7 d) — mape(c7 X ®d) is an equivalence for every X € Spfll and d € C.
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is an equivalence. The same result holds if we replace Sp™ with
Sp# and the filtered mapping spectrum with the graded mapping
spectrum.

Proof. We first prove (1). Recall that the functor evy: 8pf! — 8p
is corepresented by S** and that mape(c, —) satisfies the following
universal property:

mape(X ®c¢, d) ~ mapg,m (X, map,(c, d)).
Putting this together we see that
maph(c, d) ~ mapg,ai (SO, @e(c, d))
~ mape(S™* ¢, d).

We now prove (2). If ¢ € € is Spfil-atomic, then Spil —£5% @ is
an internal left adjoint. For any commutative algebra A € S$pfi! the
functor Modspm(PrL) — Modg,m (Prf)2" sending a Sp™-module M
to M — Mod(8p™) ®s,m M refines canonically to a 2-functor. In

particular sends internal left adjoints to internal left adjoints. As a
consequence, we see that the square

Spfil I > Mod 4 (8pti)

l—@c l—@f*c

o fil * .
C Moda®r)®] > MOdA(Spﬁl) ®5pfil e

is an internal left adjoint in Modg,m (Pr” )2 This is equivalent to the
above diagram being right adjointable by [AGH25, Corollary 5.2.12.].
If we set A = 771S%% or A = C'7, then this proves the claim.

We now prove (3). We recall without proof that for every ¢, d € €,
there is an equivalence

mape(c, d) = lim mape, (pic, pid) (I11.3.4.3)
1€
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of mapping spectra. Since the functors {evy: 8pi! — 8p}rez are jointly

conservative and preserve limits, it suffices to construct a map
map, (¢, d) — limmap,, (p;c, pid),

which is equivalent to mape(S** ® ¢, d) — lim;e; mape, (S™* @, d) af-
ter evaluation at k € Z.
To do so we consider the commutative diagram

S
_y
C

induced by the universal cone provided by the identification € =
lim;c; ©;. This induces a $pfil-linear functor f: Spf — lim,c; C;, whose
right adjoint is given by fE({M;}ic;) = lime; ffEM;. Here fE is the
right adjoint of the composite

pfil
\% c

i
i
: 7 Gi,

spfil =24 @ 2 ¢,

Note that by definition ff(—) ~ map e (pic, —). If we apply the Yoneda
lemma to the equivalence

mapg, (X, R M;}ier)) ~ mapg,, (X, 12151 JEM,)

~ lzlenll mapg,fi (X, mapei (pica MZ))
r~ Lin;1 mape, (X @ pic, M;)

1€ ‘
~ ljr? mape, (pi(X ®c), M;)

1€
~ mape(X ®c, lif?PﬁMi)

1€

~ . ] R .
~ mapg,: (X, map,(c, li1er111pl- M;)).
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Here the first equivalence follows from our identification of f¥, the
second follows from the definition of map e_(pz»c, —), the third follows

from the universal property of map C,,(pic, —), the fourth follows from

our assumption that p; is Spfil-linear for every i € I, the fifth equivalence
follows from Eq. (I11.3.4.3) and the sixth equivalence is a consequence
of the universal property of map(c, —).

It is clear that this proof also works for Sp#", but it can also be
reduced to this setting, by using the identification Modc, (8pfl) = §pe*
and the formula for mapping spaces in the category of module in
Lemma A.1.10. ]

Definition II1.3.4.4. If X is a filtered stack and F € QCoh(X) is a
quasi-coherent sheaf on X, then the coherent cohomology of X with
coefficient in JF is the filtered spectrum

I'X,J) = mapQCOh(X)(OX,ff").
Moreover, we define the coherent cohomology functor to be

X, -) /(0x,—): QCoh(X) — Sp™.

= AP 6 on(x
If X is a geometric spectral stack, we will use the notation
"X, F) =T(X",vT),

and say that I'" (X, J) is the filtered coherent cohomology of X with
coefficients in F.

Remark II1.3.4.5. If X is a filtered stack and p: X — SpecS%? is the
map to the terminal object in FStack, then we have an identification

DX, =) ~p.(—).
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This can be seen as follows. Any Spfil-linear functor f: Spf — € is
determined by the image of SY, that is, there is an identification

Funépﬁl (8p, ) = e,

induced by restriction along {S%°} — 8p'l. By construction p*: 8pfi! —
QCoh(X) is 8pfl-linear and symmetric monoidal, so p*(S*?) ~ Ox.
Hence, by uniqueness of adjoints, we obtain an equivalence I'( X, —) ~
P

One immediate consequence of this, is that ['(X,—) admits a
canonical choice of lax symmetric monoidal structure. In particu-
lar, I'(X) = I'(X, Ox) has a canonical commutative algebra structure
in filtered spectra.

Corollary I11.3.4.6. If X is a filtered stack, with a presentation
colim;c; Spec R; = X, then we have an equivalence of filtered spectra

F(Xv _) ~ lim mapMode(Spﬁl)(Ria fz*(_))

iclop

Here f; is the canonical map Spec R; — X.

Proof. Our assumption tells us that QCoh(X) ~ lim;cor Modpg, (Sp').
The conclusion follows from Proposition 11.3.4.2. H

Remark II1.3.4.7. If X is a filtered stack, then Oy is rarely Sp'i-
atomic. If Oy is §pl-atomic, then it is compact in QCoh(X). This fol-
lows from the identification map%COh( ¥ (Ox, =) = mapqoenx) (Ox, —)-
In particular, the identification in Proposition I11.3.4.2 part (2) does
not hold in this case. If X = Y7 is the filtered stack associated to a
geometric spectral stack Y, then we will see in Proposition I11.3.4.11

that the identification still holds true for quasi-coherent sheaves vF in
the image of the synthetic analogue v: QCoh(Y) — QCoh(Y).
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Definition III.3.4.8. Let X be a geometric spectral stack, let
p: Spec R — X be a flat cover of X and let Spec R® be the Cech
nerve of p. If F is a quasi-coherent sheaf on X and p,: Spec R* — X
denotes the canonical projection, then the descent spectral sequence of
F is the spectral sequence associated to the filtered spectrum:

DF(X,J) = [li]m TP J.
nje

Proposition II1.3.4.9. Let X be a geometric spectral stack, let
p: Spec R — X a flat cover and let F be a quasi-coherent sheaf on X.
The descent spectral sequence of F satisfies the following properties.

1. The filtered spectrum DF(X,F) is complete and the underlying
spectrum is equivalent to T'(X,F) the coherent cohomology of F.

2. If q: Spec S — X is a flat cover of X and we let DF,(X,F) be
the filtered spectrum defined as in Definition I11.5.4.8 with p and
DF,(X,F) be defined using q, then there is an equivalence of

filtered spectra
DF,(X,J) ~ DF (X, J),

and hence of associated spectral sequences.
3. The E1-page of the descent spectral sequence of F is given by

BT = 7Tp7q([}mi]ren X (pnF))-

Proof. The completeness statement in (1) follows from the fact that
T>eX is complete for all spectra X and complete spectra are closed
under limits in filtered spectra. The identification of the underlying
spectrum of DF(X,J) is done completely analogously to [CDN25,
Prop. 1.6]. The statement in (2) can be proven completely analogously
to [CDN25, Lemma 2.3]. The statement in (3) follows immediately
from the fact that gr,: Spfil — 8§p# preserves limits. N
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Remark IT1.3.4.10. One might expect the F;-page of the descent
spectral sequence to be given by coherent cohomology for some clas-
sical (Dirac) stack, and this is the case. However, we will need the
full deformation theoretic picture in order to make this identification
coherently.

Proposition I11.3.4.11. Let X be a geometric spectral stack. If
F € QCoh(X) is a quasi-coherent sheaf on X, then filtered coherent
cohomology of X with coefficient in F is the filtered spectrum repre-
senting the descent spectral sequence for the pair (X, F). That is, there
is an equivalence of filtered spectra

I"(X,%) = DF(X, ).

Proof. Let p: Spec R — X be a flat cover of X and let Spec R® denote
the Cech nerve of p. It follows from Corollary I11.3.4.6 that we have
an identification

TseR", (Tsepn) VF).

"X, 9) = [Ll]ren mapModT% Rn(Spf“)<
Here p,: Spec R"™ — X denotes the canonical map. It is easy to verify

that map, (Spfil)(7>.R", —) can be identified with the forgetful
—Mo T>e R

functor
Mod,., g (8p™) — 8p™.

Omitting the forgetful functor from the notation and using the natu-
rality of the synthetic analogue shown in Proposition [11.3.3.14, we see
that

I"(X,F) ~ lim (Tsepn) VT ~ [li]m Tso(piF) ~ DF (X, 7). O
nje

[n]e

Remark II1.3.4.12. We consider the above proposition as analogous
to the following result. If E is an Adams-type ring spectrum and
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v: 8p — Syny is the synthetic analogue, then for any diagram F': [ —
8p, there is an identification 771 lim;e; v F(i) =~ lim;e; F(7) of spectra.
For a proof see [CDN25, Prop. 1.6].
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Applications

In the previous two parts we have set up the necessary foundations for
a well-functioning theory of filtered stacks. Using this machinery we
will now put our focus on two examples. First, the theory of synthetic
spectra as introduced by Pstragowski in [Pst22], where we associate to
any Adams-type commutative ring spectrum E € CAlg(8p) a geometric
filtered stack M7, whose category of quasi-coherent sheaves provides
a “geometric” analogue of E-based synthetic spectra. We will also
provide a comparison functor

Syng — QCoh(MF%)

and study its properties.

We will then focus our attention on the even filtration introduced
by Hahn—Raksit—~Wilson in [HRW25]. The even filtration on a commu-
tative ring spectrum R can be considered the descent spectral sequence
associated to a certain stack on even commutative ring spectra. In
Section I11.4.4 we will show that this has a natural refinement as a
filtered stack and study its properties. Finally, we will show that
any spectral stack has a even filtered stack associated to it; this is a
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variation of the associated filtered stack functor (—)7: Stk — FStack
constructed in Theorem II1.3.1.9.

II1.4.1 Descent object of Adams type ring
spectra

For a ring spectrum R and a spectrum X, the R-based Adams spec-
tral sequence of X is the spectral sequence associated to the filtered

spectrum
AFg(X) = I[H}n T>.R®"+1 ®X.

If R is a commutative ring spectrum, this is naturally seen to be the
descent spectral sequence for a spectral stack Mg. Furthermore, if
R — R® R is a m,-flat map of ring spectra, then this stack is geometric.
This stack can be seen to be (—1)-truncated in the category of spectral
stacks. In particular, we obtain a fully faithful functor Stk — Stk.
This can be generalized to a relative story in the following way.

Definition I11.4.1.1 ([BDL25, Definition 2.3.1.1]). Let (C, 7, Q) be a
quasi-coherent sheaf context. The descent stack My of a map f: X —
Y is its (—1)-truncation in the category Stk(C),y. If Y is terminal in
Stk(€), then we will write M x for the descent stack of f: X — Y ~ pt
instead. Furthermore, if X ~ Spec R is affine, then we write Mp.

Remark II1.4.1.2. Our notation differs from the notation used by
Balderrama—Davies—Linskens in [BD1.25], where they denote the de-
scent stack by Dy. We write My, since we like to imagine this as some
sort of moduli space. In the examples we care about, we will see that
this is reasonable.

Remark II1.4.1.3. For a map of stacks f: X — Y, there is a factor-
ization

xLwm, Ly,
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where f is an effective epimorphism and ¢ is a monomorphism.

Lemma I11.4.1.4 ([BDL25, Lemma 2.3.1.2]). For a map of stacks
f: X =Y the following hold:

1. The descent stack of f is computed as the colimit of the Cech
nerve of f. That is

colimye op XY 25 M,

s an equivalence.

2. The forgetful functor Stk(C) i, — Stk(C),y is fully faithful and
preserves colimits and all non-empty limits.

3. If Z, 7" € Stk(€) i, then the canonical map
7 xoi, 7' = 2 xy 7'
s an equivalence.

4. For a map p: Z — Y in Stkyy, the following conditions are
equivalent.

(a) The map p: Z — Y is in the essential image of Stk(C) n, —
Stk(C) e.
(b) The map Z xy X — Z is an effective epimorphism.

(c) There exists an effective epimorphism W — Z and a com-
mutative diagram

W ——X

|l

7z -2y
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Proposition I11.4.1.5. Let f: X — Y be a map of spectral stacks.
If X xy X — X is flat and X is a geometric stack, then My is a
geometric stack.

Proof. We fix a flat cover p: Spec R — X. By construction X — My is
an effective epimorphism, so the composite Spec R — X — My is also
an effective epimorphism. Therefore, it suffices to see that X — My is
flat. Being flat is a local property with respect to effective epimorphisms
by Lemma IT1.3.1.14 so it suffices to see that X xy¢, X — X is flat.
By Lemma [11.4.1.4 (3) the horizontal map in the diagram

X X, X = » X Xy X
X

is an equivalence. In particular, X xu;, X — X is flat if and only if
X Xy X — X is. [

Corollary I11.4.1.6. If E € CAlg(8p) is a commutative ring spectrum
and E — EQFE is m.-flat, then the descent stack Mg is a geometric
spectral stack. In particular, the associated filtered stack MF is a
geometric filtered stack.

Remark II11.4.1.7. The condition that ¥ — EQ®FE is m,-flat, is
exactly the condition one classically asks for in order to identify the
FE>-page of the Adams spectral sequence with coherent cohomology of
the stack M, cf. [[TP24, Theorem 5.5]. So it is no surprise, that this is
exactly the condition that is needed for Mg to be geometric, and thus
makes the machinery from Section I11.3.3 and Section I11.3.4 work.

The following statement is due to Balderrama-Davies—Linskens
and we thank them for allowing to us include a proof in this paper.
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Proposition 111.4.1.8. Let MU denote the complex bordism spec-
trum, and consider the descent stack Myy. If A € CAlg(8Sp) is any
commutative ring spectrum, then

x if A is complex orientable,
Mapsu(Spec 4, Myw) = {(Z) otherwise

Proof. Since Myy is (—1)-truncated by definition, then it suffices to
see that Mapg,, (Spec A, Myy) is non-empty if and only if A is complex
orientable.

By Lemma [11.4.1.4 there exists a map Spec A — Myy if and only
if there exists a flat cover Spec B — Spec A, and a commutative square

Spec B —— Spec MU

l !

Spec A —— Myu.

In particular, B is complex orientable and A — B is faithfully =,-flat.
Now, since A — B is faithfully m,-flat, it is injective on homotopy
groups, so [BDL25, Lemma 4.1.2.3] applies, and we see that A is
complex orientable. O

Remark 111.4.1.9. In the proof above we see that B admits an E..-
complex orientation. However, we cannot assure that the same holds
for A.

Remark I11.4.1.10. The map Myy — SpecS defines a symmetric
monoidal left adjoint

Sp — QCOh(MMU)
where the unit of the adjunction is exactly the map

X — lim MU®* 1l X,
[kle
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This map is the MU-nilpotent completion of X. By Quillen’s theorem,
this is an equivalence on the sphere. In particular, if we let C(Myy)
denote the smallest stable subcategory of QCoh(Myy) containing
Oty » then we obtain a symmetric monoidal equivalence

Sp l) Ind C(MMU),

by the Schwede—Schipley theorem. This result is analogous to work of
Gregoric [Gre21, Thm. 2.4.4], who proves an analogous result, working
in the flat topology, in the case of Mgy the moduli stack of oriented
formal groups, which can be seen to be the descent stack of the periodic
complex bordism spectrum MP in this topology. For this reason, one
might be tempted to dub the descent stack My, the spectral moduli
stack of formal groups. We refrain from doing so, since this is not the
focus of this paper and there already exists several spectral stack with
similar names in the literature.

Warning I11.4.1.11. If £ is a commutative ring spectrum, then

r need not be equivalent to M, g. Essentially, this is because
Spec” S ~ Spec 75.S # SpecS%Y. It is for this reason we needed the
additional flexibility of working with geometric filtered stacks, instead
of just descent stacks.

Theorem II1.4.1.12. If £ € CAlg(8p) is an Adams-flat commutative
ring spectrum, i.e £ — EQ®FE is m.-flat, then QCoh(M7) is a 1-
parameter deformation of the F-based Adams spectral sequence, in
the following sense: If Fg: Sp — QCoh(Mg) denotes the functor

induced by Mg — SpecS, sending a spectrum X to its F-descent data
FpX = {E®*'® X} e , then the following hold:

1. The coherent cohomology of FgX is given by the E-nilpotent
completion of X. That is, there is an equivalence

(Mg, TpX) ~ lim E®* @ X.

[k]e
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2. The filtered coherent cohomology of EV X is given by the E-based
Adams spectral sequence. More precisely, there is an equivalence

" (Mg, FpX) =T (M, vFpX) ~ [Li]m T (¥ ® X).
€

3. The associated graded of the filtered coherent cohomology of
EVX is given by the coherent cohomology of the quasi-coherent
sheaf

Fp, X = {m(E®""' @ X) } e

on XV. That is there is an equivalence

gr,I" (Mg, TpX) ~ (XY, Fp. X).

Proof. To see (1), note that QCoh(Mg) ~ limj,jc Modgen+1(Sp) and
by definition coherent cohomology is given by the right adjoint to
S8p — QCoh(Mg), using the formula of the right adjoint from [HY17,
Theorem 5.5]. We prove (2) using the same ideas, the only additional
thing needed is the naturality of the synthetic analogue proven in
Proposition I11.3.3.14. The associated graded of the filtered coherent
cohomology of FgX can be identified via direct inspection, since
gr,: Spfil — 8$p#" preserves limits, and the fact that Specm,E — X
can be seen to be a flat cover. [

I11.4.2 Comparison with synthetic spectra

For this section we fix an Adams-type commutative ring spectrum F €
CAlg(8p) and study the category of E-based synthetic spectra Syng
introduced by Pstragowski in [Pst22]. In order to do so we construct
a lax symmetric monoidal comparison functor Syn, — QCoh(M7,),
which we will show to be fully faithful on a certain subcategory of
Syng. We will also see that the obstruction for this functor to be fully
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faithful has to do with convergence of the E-based Adams spectral
sequence. First, we recall the construction of the category of E-based
synthetic spectra and some basic properties.

Definition II1.4.2.1 (Pstragowski). We say that a finite spectrum
Y is E-finite projective if its E-homology E.Y is finitely generated
and projective as an F,-module. We denote the subcategory spanned
by E-finite projective spectra by Spfg. An FE-based synthetic spectrum
is an additive functor X : (Sp)» — 8p, such that if A - B — C
is an exact sequence of FE-finite projective spectra where the map
E.B — E.C is surjective, then the sequence

X(C)— X(B) = X(A)

is an exact sequence of spectra. We denote the category of E-based
synthetic spectra by Syn.

Remark I11.4.2.2. The above definition is equivalent to the definition
given by Pstragowski in [Pst22], but the definition in loc.cit. is a little
bit more refined. Pstragowski shows that the collection of maps of
FE-finite projective spectra, which are surjective on E-homology, define
a Grothendieck topology on Sp%’ in which covers are the singletons
given by maps which are surjective on E-homology. Pstragowski then
defines the category of E-based synthetic spectra to be the category
of additive Sp-valued sheaves on Spfg. The definition above is seen to
be equivalent to the sheaf condition above for additive sheaves [Pst22,
Theorem 2.8]. While equivalent to the definition above, the definition
as a sheaf category immediately provides several excellent categorical
properties.

Remark I11.4.2.3. The category of E-based synthetic spectra can be
defined even when F is only a homotopy associative ring spectrum,
but this is not the case for the category QCoh(M7,). For this reason,
we have assumed that F is a commutative ring spectrum.
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Proposition I11.4.2.4 ([Pst22, Section 4]). The category of E-based
synthetic spectra satisfies the following properties.

1.

The category Syny is a presentable stable category, which admits
a symmetric monoidal structure induced via Day-convolution,
making Syny into a presentably symmetric monoidal stable cate-

gory.

There exists a lax symmetric monoidal functor v: 8p — Synp,
which is symmetric monoidal on E-finite projective spectra. This
functor is named the synthetic analogue. Furthermore, the syn-
thetic analogue preserves filtered colimits. The synthetic ana-
logue does not preserve colimits in general; in particular, we
obtain bigraded spheres S** = X (SY)'. There exists a map
7: SO — SY0 which can be shown to make Syny into a com-
mutative algebra under Sp™ in Pri2.

The category Syny is generated as a stable category by vP, where
P is E-finite projective.

. The category of E-based synthetic spectra admits a right complete

t-structure, which is compatible with the symmetric monoidal
structure and filtered colimits. Furthermore, there is an equiv-
alence Syng ~ Comodpg,r between the heart of Syng and the
category of E,E-comodules.

The generic fiber of Syny is symmetric monoidally equivalent
to the category of spectra and the special fiber is symmetric
monoidally equivalent to Hovey’s category of stable E, E-comodules
Stableg, g, whenever Stableg, g is generated under colimits by

!This grading convention is different from the one used by Pstragowski; we
choose this one since it matches our choice in filtered spectra.
2This is proven in [BHS26, Appendix C].
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E.P, where P is E-finite projective. This happens for instance
if B is Landweber ezxact.

Remark III.4.2.5. If Syn, is generated by the bigraded spheres,
then we say that it is cellular. In this situation it follows from the
filtered Schwede-Shipley theorem [Pst23b; Prop. 3.16], that there is an
equivalence

Mod,.s (Spm) = Syny .

Here o: Syny — 8p™ is right adjoint to the symmetric monoidal left
adjoint provided in (2) above. This functor is named the signature
in [CDN25, Section 1.4]. The category of E-based synthetic spectra
is known to be cellular whenever E is connective as a spectrum see
[Law24]. Tt is currently unknown if the category of E,-based synthetic
spectra is cellular. Here F, is Morava E-theory of height n.

fil

Remark I11.4.2.6. If E is the complex bordism spectrum MU, then
we have identifications

oS = lim 75, MU®

which is equivalent to I'(M7;;) by Theorem I11.4.1.12.

Theorem I11.4.2.7. The E-based synthetic spectrum vE' is a commu-
tative algebra in Syny, since the synthetic analogue is lax symmetric
monoidal. The category Mod,g(Syng) of vE-modules in synthetic
spectra is generated under colimits by the objects X*°vE.

Proof. 1t follows from Proposition I11.4.2.4 that Mod, g(Syny) is gener-
ated by the objects vE ® v P, where P € Sp%’. Furthermore, it follows
from [Pst22, Lemma 4.24] that vEQvP ~ v(E® P). Now, E.P is
finitely generated projective over F, so there exists a surjection

& (-HBE*[@-] ~ E.P
=0
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of E,-modules. Here [—] is the internal shift in F,-modules. We claim
that this lifts to a map ggz @, YME — E® P, of E-module spectra.
To see this, note that since £ ® P is an E-module, the F-based Adams
spectral sequence degenerates at the F-page and is concentrated on
the ¢ = 0 row. In particular we obtain an equivalence

[YFE, E® Plp = Hompg, (E,[k], E.P).

Here we have used that E.(F® P) ~ E.E®g, E.P is a cofree comod-
ule. In particular, the map ¢ is surjective on homotopy by construction.
Since F, P is projective, ¢ has a splitting ¢, which we may lift to a
map
V: E®QP — (PTHE
i=0
using the same argument. It follows from the naturality of the E-based

Adams spectral sequence, that (51; = Idggp. In particular, we see that
vE® P is a retract of @', vX* E. This proves the claim. ]

Corollary I11.4.2.8. There is a symmetric monoidal equivalence
ModT>.E(8pfil) = Modg,,E(Spﬁl) = Mod, (Syng).

Furthermore, this equivalence is t-exact with respect to the homological
t-structure on Syny and the Postnikov t-structure on Spfil.
Proof. The identification 7-4E ~ ovE is proven in [CDN25, Lemma
1.19] and the equivalence follows from the filtered Schwede-Shipley
theorem [Pst23b, Prop. 3.16]. It remains to be seen that o is symmetric
monoidal. To see this note that its left adjoint is a symmetric monoidal
equivalence, hence ¢ is symmetric monoidal.

We now show that the equivalence is t-exact. Recall that vE
and 75, are connective in their respective categories and an object
of Mod, g(Syny) (respectively Mod,.,g(8p™)) is (co)connective if its
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image under the forgetfull functor is (co)connective in Syny (respec-
tively 8pfi!), by Proposition A.1.11. Furthermore, an object X € Syny
is connective if and only o(vE® X) is connective in the Postnikov
t-structure by [Pst22, Cor. 4.19]. This immediately shows that

o: Mod,g(Syng) — MOdT>,E(SPfil)

is right t-exact, since if X € Mod, g(Synp) is connective, then o (v E ® X)
is connective, but ¢ X is a retract of o(vE® X) and thus connective.

It remains to be shown that o is left t-exact. In order to see this we

will instead show that its left adjoint

ok ModT>.E(Spfil) — Mod, g(Syng)

is right t-exact. By combining Proposition I11.2.1.26 and Proposi-
tion I11.2.1.23 we see that the Postnikov ¢-structure on Mod,., r(Sp™)
is generated by {75 F},ez, so since ol is colimit preserving and
satisfies o(X"" 75, E) ~ X" E for all n € Z, we see that it is right
t-exact. [

Remark II1.4.2.9. The result in Theorem I11.4.2.7 tell us that even
though Syny need not be cellular, the category of modules over vE
is. This is reminiscent of the story for QCoh(M7,), which is rarely
equivalent to Modp(MrE O )" However, since p™: Spec” E — MY, is
a flat cover (and thus affine), we see from Proposition I11.3.2.6, that
there is an equivalence

Mod,,5(8p™) = Mody; ., 5(QCoh(MF)).

T>e

In particular, we see that Syny and QCoh(MF,) are equivalent after
base-change to vE and p] 7, FE respectively. This observation will form
the basis for constructing our comparison map.

In forthcoming work with Torgeir Aambg and Sven Van Nigtevecht
we prove the following theorem.
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Theorem I11.4.2.10 (Aambg—N.—Van-Nigtevecht). Let f: E — E
be a map of Adams-type ring spectra, then there is an inclusion of
sites Spgf C Sp%’,, which induces a functor

fir Syng — Syng,,

such that there is an equivalence fivg X ~ vp X for every X € Sp,
which can be written as a filtered colimit of E-finite projective spectra
or admits a homotopy F-module structure.

Theorem I11.4.2.11. If F € CAlg(8Sp) is of Adams-type, then there is
a colimit preserving symmetric monoidal functor p: Syny — QCoh(M7%,),
such that the following statements hold.

1. The functor p is t-exact.

2. The composite
$p’ & Syn,, £ QCoh(M7,)

is exact. That is, if A -+ B — (' is an exact sequence of E-finite
projective spectra, where E,B — FE,C is surjective, then the
sequence

pv(A) = p(B) — pv(C)

is exact in QCoh(M%,).
3. The composite

NG

Sp % Syny X QCoh(My) “ B, g

sends a spectrum X to its Adams-filtered spectrum

AFp(X) = lim 7. (E®*T ® X).
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Furthermore, this is natural in the following sense. If f: F — E’ is a
map of Adams-type commutative ring spectra, then the square

Syng - Syn g

I =

QCoh(M3) Y% QCoh(M,)

commutes. Here we abuse notation and write f: Mg — Mg for the
map induced by Spec(f): Spec E' — Spec E via 0-truncation.

Proof. We first construct the functor pu. Consider the symmetric
monoidal left adjoint p: §p — Syny defined in Proposition 111.4.2.4
(2), if we apply Lemma I11.3.3.7 to p, we obtain a natural transformation

n: Mod_(8p™) — Mod,(_)(Synpg)

of functors CAlg(Sp™) — CAlg(Pr). Note that CAlg(Spi)” =
CAlg(8p™) since p is colimit preserving and symmetric monoidal. It
follows from Corollary I11.4.2.8 that n, is an equivalence for every
TseE-algebra A, since p: Mod,.,g(8p™) — Mod, g(Syny) is a symmet-
ric monoidal equivalence. In particular, if Spec E* denotes the Cech
nerve of Spec ' — SpecS, then there is a natural equivalence

MOdT>. (E*) (Spﬁl) — MOdVE' (SynE)

of functors  — CAlg(Pr"), so we obtain a symmetric monoidal equiv-
alence

QCoh(M7) — lim Mod, gs (Synp).
We let 1 denote the composite:

Syng — lim Mod, ge (Syng) — lim Modr>.(E®.+1)(8pﬁl) = QCoh(MFp).
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It is clear from our construction that p is colimit preserving and
symmetric monoidal.

We now prove (1). We first prove that u is right ¢-exact. Suppose
X is a connective synthetic spectrum. In this situation it follows
from [Pst22, Cor. 4.19] that o(vE® X) is connective. It follows from
the way we constructed p that if p: Spec B — Mg, then we have
an equivalence pLu(X) = c(vE® X). In particular, X is connective,
since p. creates connectivity by Theorem [11.3.2.12. Suppose now that
X is coconnective, and let F be a connective quasi-coherent sheaf on
QCoh(M7). In this situation, we have equivalences:

Mapqcon(y) (F, QuX) =~ [LI]TEH Map._ gent)((pn)"F, Qpy)" 1X)

~ lim Map,_, geny((p;)*F, Qo(vE®" @ X))

[n]e

~ lim Map, pen+1 (p((p})"F), WE®™ @ X).

[n]e

pT).

We proved in Corollary 111.4.2.8 that o: Mod, g(Syng) = Mod,.,g(8p™)
is t-exact. In particular, p((pf)*F) is connective for every n, so we see
that Map, ge+1(p((ph)*F), WE®"™ @ X) ~ 0, since vE®" ® X is
coconnective by applying Corollary I11.4.2.8 inductively.

We now prove (2). By the above, u preserves colimits so it is exact.
Furthermore, v is exact by [Pst22, Lemma 4.23].

We now prove (3). For any spectrum X we know from [Pst22,
Lemma 4.24] that v(F® X) ~ vE®uX, since E is Adams-type. Fur-
thermore, it follows from [CDN25, Lemma 1.19] that o(v(F® X)) ~
Tso(F ® X). Putting these facts together with Corollary I11.3.4.6 we
see that there are equivalences:
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(T2a (B, (pr)" v X)

(Tse(E®™) o(vE®" M @ v X))

F( %7/JLVX> = [}ll}ren ma‘pTz.(E®n+l)

~ lim map
[n]e

~ lim o(vE®" "' @vX)

[n]e

~ lim T;.(E@"+1 ® X)

[n]e

~ AFp(X).

T e (E®TFL)

Finally, to see the claimed naturality let f: F — E’ be a map of
commutative algebra objects in spectra, such that £ and E’ are Adams-
type. By Theorem I11.4.2.10 we have an equivalence firpX ~ vg X
for all spectra X. Therefore, the diagram

Mod, ,£(Syng) /N Mod,_, g(Syng)

! |

Mod,, g (Syny) —— Mod,,, & (Syn).

commutes and the lower horizontal map is an equivalence by Corol-
lary 111.4.2.8, since vgE' is a vgE-algebra. In particular, arguing as
above we gain a natural transformation

f;: MOd,,EE®-+1(SynE) i) MOduE(E’)®'+1(SynE) :> MOduE,(E’)®'+1 (SynEl)

of diagrams — CAlg(Pr"). Furthermore, the fact that diagram
above commutes, tells us that the natural transformation

ﬁME — g fi

is an equivalence. This completes the proof. [
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Proposition 111.4.2.12. The functor p: Syny — QCoh(M%) is fully
faithful on the full subcategory of synthetic spectra, which are vE-
nilpotent complete.

Proof. By construction the functor u factors as a composite

Syny = lim Mod, gont1 (Syng) = QCoh(M%),
njc

where the latter is an equivalence. Therefore, it suffices to show that
p is fully faithful on those synthetic spectra, which are v FE-nilpotent
complete. For any synthetic spectrum X, the map

X — lim vE®" Tl X

[n]e

is the counit of the adjunction p - pf*, so X is vE-nilpotent complete
if and only if the counit is an equivalence. It is a standard exercise in
category theory to verify that p is fully faithful on the full subcategory
where the counit is an equivalence. [

Proposition I11.4.2.13 ([BHS23, Prop. A.13]). For a spectrum X
the following are equivalent.

1. The spectrum X is E-nilpotent complete.
2. The E-based synthetic spectrum vX is vE-nilpotent complete.

3. The E-based synthetic spectrum vX is T-complete. That is, the
is evident map vE — lim,e CT"®@vX is an equivalence.

Remark II1.4.2.14. Proposition [11.4.2.12 tells us that the failure of
1 to be fully faithful is equivalent to the failure of weak convergence of
the E-based Adams spectral sequence. This provides a philosophical
explanation to the difference of Syn, and QCoh(M7,). The category
of E-based synthetic spectra contains Sp as a full subcategory, and
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we like to imagine a synthetic spectrum X as a pair of F,77'X of an
Adams spectral sequence E which does not necessarily converge to the
underlying spectrum of X, if one tries to replicate this analogy for
QCoh(M7,) the spectral sequence is forced to be weakly convergent.

Using the above we can now prove the following result suggested
to us by William Balderrama.

Theorem II1.4.2.15. If £ € CAlg(8Sp) is Adams-type, then the
functor
w: Syng — QCoh(MF)

identifies QCoh(M7,) with the left completion of Syny, with respect
to the homological t-structure on Syn, and the canonical t-structure
on QCoh(M7%).

Proof. Since M7, is a geometric filtered stack by Corollary I11.3.1.29
and Proposition [I1.4.1.5 its t-structure is left complete by Theo-
rem [11.3.2.12. Hence, it suffices to show that p: Syng — QCoh(MF,)
restricts to an equivalence

Syng <, = QCoh(M%) <,

for all n € Z. By Theorem I11.4.2.11 p is t-exact, so its right adjoint
pf must be left t-exact. As a result, the adjunction g - pft restricts to
an adjunction on n-coconnective objects. To complete the proof we
will now show the following two claims:

1. The functor p: Syng ., — QCoh(MF)<, is fully faithful.
2. The functor p®: QCoh(MF%)<, — Synp o, is conservative.

We first prove (1). Let X € Syny be n-coconnective. It follows
from Theorem I11.4.2.11, that the unit X — pu®uX is equivalent to
the vFE-nilpotent completion of X. Now, since X is n-coconnective

258



On filtered stacks and the geometrization of synthetic spectra

it is both C7-local and vE-local by [Pst22, Lemma 4.35] and [Pst22,
Remark 2.17]. As a result we may reduce to showing that

Cr®X — lim E,E®% " @(Cr® X)

[n]e By

is an equivalence in D(Comodg, z) ~ QCoh(M%’), by [Pst22, Theorem
4.54]. This follows from faithfully flat descent [HP24, Cor. 3.26] in
Dirac Geometry.

We now prove (2). Consider F € QCoh(M%)<, and suppose
pft(F) ~ 0. We have to show that F ~ 0. By construction yu is 8§p'il-
linear, so we obtain a functor Mod¢, (Syng) <, — Mode, (QCoh(M7,)) ~
QCoh(MdEv), which is equivalent to the inclusion of n-coconnective
objects by [Pst22, Remark 2.17], [Pst22, Lemma 4.35], and [Pst22,
Theorem 4.54]'. In particular, u*(F) ~ 0 implies that CT®@F. We
finish the proof by showing that F is C't-local. It suffices to see that
771F ~ 0. Since pulling back along p™: Spec” E — M, is conservative,
§pfil-linear and creates (co)connectivity, we may reduce to showing the
analogous claim for coconnective 7, F-modules. This is however clear,
since

T (77 M) = 7, 1 (colimy, My) =2 colimy, 7, (My,).

If M is coconnective in the Postnikov t-structure, the above colimit is
eventually 0 and hence 7'M ~ 0. In particular, M is Ct-local.

We conclude that p: Synp ., = QCoh(MF)<, is an equivalence.

O]

Remark I111.4.2.16. If F¥ := FE,, is height n Morava E-theory, then
the smash product theorem for vE is known to fail. More precisely,
the localization

L,g: Synp — L,gSyng

IPstragowski considers the category D(Comodg, g), but this is equivalent to
QCoh(MdE@), by the standard translation between Hopf algebroids and groupoids
in stacks.
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is not a smashing localization. We believe that the above result can be
used to show the following weaker statement. For all E-based synthetic
spectra X, the canonical map

L, X — [li]m vE®"T @ X
nle

is an equivalence. A standard argument shows that this happens, for
X, if and only if

vE ®(lim VE®"+1®X) — [li}m VEQUE®P" @ X ~vER® X,
n|e

[n]e

is an equivalence. However, we have not been able to prove this. The
above argument provides a proof in the case where X is n-coconnective
for some n € Z. Thus, one can reduce to the case where X is a
connective synthetic spectra, we have also not been able to prove this
as of writing this thesis. We suspect that the connective case is easier,
since their are non-trivial co-connective vFE-local E-based synthetic
spectra.

111.4.3 The even filtration

In this section we recall the construction of the even filtration of
Hahn-Raksit-Wilson [HRW25].

Remark IIT1.4.3.1. The association X + 759, X refines to a lax
symmetric monoidal functor
Sp N Spﬁl,

such that if X € 8p is even, then gr, 759, X ~ Y%, X. The proofs
from Section II1.2.1 carry over almost verbatim.
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Proposition I11.4.3.2. The full subcategory (CAlg(8p)®¥)°P spanned
by those commutative ring spectra, whose underlying spectrum is even,
forms a subsite of (CAlg(8p))°® with the m.-flat topology.

Proof. We have to check that if A — B is a cover with A, B €
CAlg(8p)¥, then for all A — C with C' even, B®4 C' is even, and
C — B®4 C is faithfully flat.

Since the Kiinneth spectral sequence degenerates (since B is flat
over A), we see that

B ® 1.C = 1 (B®C).
T A A

In particular, B&®,4 C' is even. It remains to be seen that C' — B®4 C
is faithfully flat, but this follows immediately from combining Proposi-
tion I11.2.2.15, Lemma I11.2.2.20, and Proposition I11.2.2.21. O

Corollary I11.4.3.3. The ,.-flat topology on CAlg(Sp)®¥ is subcanon-
ical.

Proof. This follows immediately from Proposition I11.4.3.2 and Corol-
lary I11.2.4.8. [

Definition I11.4.3.4. The category of even spectral stacks Stk is the
category of stacks on Aff™ := (CAlg(8p)°¥)°P with the m,-flat topology.

Definition II1.4.3.5 ([HRW25, Construction 2.1.3]). For a commu-
tative ring spectrum R € CAlg(8Sp), the even filtration is the filtered
commutative ring spectrum

fil{" R == lim 755,85.

R—S
S even

Remark II1.4.3.6. Since complete filtered spectra are closed under
limits in 8p', we immediately conclude that fil¥ R is complete.
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The even filtration satisfies excellent descent properties with respect
to the following classes of maps.

Definition I11.4.3.7 ([HRW25, Definition 2.2.15]). A map of com-
mutative ring spectra A — B € CAlg(8p) is evenly (faithfully) flat if
for all A — C with C even, the tensor product B®,4 C is even and
(faithfully) flat over C.

Corollary I11.4.3.8 ([HRW25, Cor. 2.2.17]). If R — S is evenly
faithfully flat, then the canonical map

fils" R = [li]m fi1ev(S®R L)
n|e

s an equivalence.

Remark I11.4.3.9. The underlying spectrum of fil{" R can be seen to
be

: ev .
colim, , o fil* R ~ lim S.
R—S
S even

However, this limit need not be equivalent to R in general.

Proposition I11.4.3.10 ([HRW25, Prop. 2.3.4 (1)]). Let R be a
commutative ring spectrum, and suppose there exists a map R — S,
which is evenly faithfully flat and satisfies descent, that is, the canonical
map

R — lim S®rnt!

[n]e
is an equivalence. If S is even, then the map
R — colim,,_, . fil’" R

s an equivalence.
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Remark I11.4.3.11. Forthcoming work of Robert Burklund and Achim
Krause shows that for any connective commutative ring spectrum R, the
underlying object of fil{" R is R. In fact, they show something stronger.
They prove that for any connective commutative ring spectrum R,
there exists an augmented cosimplicial diagram

R——— Ry ——= Ry =——= Ry —— -

such that R, is even for all [n] € and there is an equivalence

il R = [h]m il R,,.
nle

Moreover, they show that any commutative ring spectrum R admits a
map R — R° to an even commutative ring. We say that R¢ is an even
envelope of R.

Theorem I11.4.3.12 (Burklund—Krause). If R € CAlg(8p) is «-
compact for some cardinal x, then there exists an even envelope R,
which is also xk-compact.

Using the work of Burklund and Krause we prove the following
result.

Proposition 111.4.3.13. The map of sites v: Aff® — Aff induces an
adjunction:

Shv(Affe") === Shv(Aft,).

Furthermore, the functor 1* preserves colimits and for any even com-
mutative ring spectrum A we have an equivalence 1* Spec A = Spec A.

Proof. The category CAlg(8p)®" is accessible by [HRW25, Prop. 2.1.2],
and if CAlg(8p)¢” denotes the full subcategory of k-compact objects,
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then AffY" := (CAlg(8p)e¥)°P forms a subsite of Aff*". In particular, we
obtain an equivalence:

colim, Shv(Afff") = Stk®,

by [BDL25, Cor. 2.1.2.5]. So, since CAlg(8p) is accessible, it suffices
to define a functor

(—)¢: Shv(Aff,) — Shv(Aff)

for all sufficiently large cardinals x and verify that if k < &/, then the
diagram

Shv(Aff,) ——2*5 Shv(Aff™)

Lo

Shv(Affy )~ Shv(AfY)

commutes'.
For all k let ¢,,: Aff] < Aff,, denote the inclusion such that for all
k < K we get a square of small sites

AFEY = Aff,

= |

AR s Aff,, .

Since these sites are small we get an adjunction

Shv(AHY) e Shv(Aff,)

ITechnically, this is not sufficient to produce a natural transformation of
diagrams, but it will be clear from the construction that this does define a natural
transformation.
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given by left Kan extension and restriction respectively. In particular,
by passing to the mate, we obtain a lax natural transformation filling
the square

Shv(Aff,) —% 5 Shv(Aff™)

lj! lj o

Shv(Aff,) —= Shv(AffY).
Hence, it suffices to show that the natural transformation

NCAAE

b — L:’j!

is an equivalence. We will first show that the analogous Beck—Chevalley
map filling the square

PALE,) —2 s PIALEY)

lj! lj!e"
P(AFE,) —=s PALEY).
is an equivalence. We can check this pointwise so let X € P(Aff) and
consider A € (Aff)))°? = CAlg(8p)¢y. The source of the map is given
by

I 0 X (A) ~ colimjev gy a 1, X (B)

~ colimyev(py—a X (1xB).
Similarly, we see that the target is given by:

U X(A) =~ 5 X (10 A)

=~ colim;p)—, 4 X (B).
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Here the indexing categories for the colimit are defined via the cartesian
squares

iy — CAlg(3p)y) 4

L

CAlg(8p)™ —1— CAlg(Sp)sy

and
j/A _— CAIg(Sp)N//A

! !

CAlg(8p), —— CAlg(sp),r

respectively. Since A is even there is a comparison functor
fii%h = g

which, after taking the colimit agrees with the component of jVii —
vy at A, We will show that f is cofinal. One can check explicitly
that the diagram is cartesian

) —

l !

CAlg(8p)ey —— CAlg(8p).

is cartesian. Thus, it suffices to show that CAlg(8p)¢¥ — CAlg(8Sp), is
cofinal and that j, 4 — CAlg(8p), is a left fibration. The latter is clear,
since CAlg(8p),s/a — CAlg(8p),. is a left fibration and left fibrations
are closed under pullback. To see that ¢,: CAlg(Sp)e¥ — CAlg(Sp),
is cofinal, we will apply Quillen’s theorem A. For any A € CAlg(Sp),
we have to show that the category ¢,/ is weakly contractible. We
will show that it is filtered. Let F': I — 1,4 be a diagram, with
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finite. We need to show that there exists a cone F': I® — 1,,/4. For all
cardinals £’ the category CAlg(8p).s has x’-small colimits, in particular
finite ones. So the same holds for any slice of CAlg(8p). . In particular,
the composite

I — 1,4 = CAIg(8p)w/a

admits a colimit. If we let F° denote the even envelope of the colimit
of the above composite, which exists and is k-compact by the theorem
of Burklund—Krause Theorem [11.4.3.12, then this defines a cone of F
in t,/4. In particular, ¢,/ is filtered, and hence weakly contractible.
It follows that ¢, and thus f: j% — j/a is cofinal.

The above shows that

PALE,) — s PIALEY)

bk

PAFE,) —= s PALEY).
commutes. We can therefore reduce to showing that the diagram

Shv(Aff,) — P(AFf,) —= P(AHY) — Shv(Af)

L

Shv(Aff)) — P(AFf,) —s P(AFFY) — Shv(Af))

commutes. The right square commutes by construction, it suffices to
show that the Beck—Chevalley map filling the left square is sent to
an equivalences in Shv Affy). This is however clear, since the Beck-
Chevalley map filling the left square is exactly sheafification, and the
middle horizontal maps are induced by precomposing with ¢, and ¢,
respectively, which are maps of sites and hence preserve sheaves.
Putting all of this together, we see from [AGH25, Cor. 5.2.12]
that {(tx)i}x is left adjoint to {¢%}, in the 2-category of functors from
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cardinals to Cat and taking the colimit is a 2-functor, so we get an
induced adjunction

Stk® == Stk

From the construction, it is clear that for all A € CAlg(8p)®¥ we have an
equivalence +* Spec A = Spec A. It remains to be seen that (*: Stk —
Stk® preserves colimits, but this is an immediate consequences of
the way it has been constructed, since ¢:: Shv(Aff,) — Shv(Aff)")
preserves colimits for all k. O

Definition I11.4.3.14. For any spectral stack X, we define its associ-
ated even stack X by
XV =X

If X = Spec R for some commutative ring spectrum R, we will write
Spev R = (Spec R)*".

Definition I11.4.3.15. An affine map of spectral stacks f: X — Y
is evenly flat, if for all Spec R — Y map R — S induced by Spec S =~
X Xy Spec R — Spec R is flat. We say that f is evenly faithfully flat
if it is evenly flat and an effective epimorphism.

Corollary I11.4.3.16. If X is a geometric spectral stack, with an evenly
flat cover p: Spec R — X and R is even, then X is a geometric even
spectral stack.

Proof. For a cover p: Spec R — X as above, let Spec R®* denote
the Cech nerve of p. In this situation, R" is even for all [n] €

By construction (—)°¢" preserves limits and colimits. In particular,
Spec R ~ Spev R — X" is an effective epimorphism. Furthermore, p®"
is flat, by the even version of Lemma I11.3.1.14 since Spec R! — Spec R
is flat, and R! is even. O
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Proposition I111.4.3.17. If f: X — Y s evenly (faithfully) flat, then
the induced map f¢: X — Y is (faithfully) flat.

Proof. Suppose f: X — Y is evenly flat, and consider R € CAlg(8p)*”
with a map Spec R — Y®; by adjunction, this corresponds to a map
Spec R — Y. In this situation the cartesian square

Spec S —— X

Lo

SpecR —— Y
induces a cartesian square

SpevS —— X

! !

SpevR —— Y

of even spectral stacks. By assumption R is even, so Spev R = Spec R,
and it remains to be seen that S is even and R — S is m,-flat. By
construction R — S is evenly flat, so since R is even, this implies that
R®prS ~ S is even and S is flat over R.

Finally, suppose f is evenly faithfully flat, then we have to show
that f¢V: X — Y is faithfully flat. Indeed, by the same argument
as in Corollary I111.4.3.16, (—)® preserves effective epimorphisms, so
f¢ is an effective epimorphism and the above argument shows that it

is flat. O]

Corollary I11.4.3.18. If R — S is an evenly faithfully flat map of
commutative ring spectra and S is even, then Spev R is a geometric
even spectral stack.
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I111.4.4 The filtered even stack

Building on the results of Section I11.4.3, we will now construct a
functor

Stk® — FStack,

which on even affines is given by Spec R +— Spec 7>9, R and whose co-
herent cohomology encodes the even filtration of Hahn—Raksit—Wilson.
In order to construct this functor we will need a short discussion on
even filtered spectra; a more in-depth discussion can be found in [Nig25,
Section 5.3.1].

Definition I11.4.4.1 ([Nig25, Definition 5.15]). A filtered spectrum
X is even if the map
Xop = Xop—1

is an equivalence for all n € Z. We denote the full subcategory of even
filtered spectra by 8pfll

Theorem II1.4.4.2 ([Nig25, Prop. 5.17]). The category of even fil-
tered spectra is a presentable symmetric monoidal subcategory of Spfil.
Furthermore, the inclusion

fil

Spey — Sp

preserves both limits and colimits. In particular, it admits both a left
and a right adjoint.

Example I11.4.4.3. If X is an even spectrum, then 7-,.X is an even
filtered spectrum.

Remark II1.4.4.4 ([Nig25, Remark 5.18]). One can show that the
right adjoint of the inclusion 8pfl — 8pfil sends a filtered spectrum X
to the filtered spectrum

id id,
"'—>X21—>X2—)X01—)X0—>X_2—>...

Here X sits in degree 0 and —1.
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Remark I11.4.4.5 ([Nig25, Remark 5.19]). Precomposing with 2: Z°P —
Z°P induces a symmetric monoidal functor

IS pfil -8 pﬁl

whose restriction to 8pll is an equivalence. The functor is given by
sending an even filtered spectrum X, to Xs,. We will denote this
functor by p: Spfil = §pfil.
Remark I11.4.4.6. The functor CAlg(8p)e¥ — CAlg(8pfl) sending R
to T>2¢ R can be written as the composite

CAlg(8p)™ =% CAlg(Spll _) £ CAlg(Sp™).

Note that, for any spectrum X, the double speed Postnikov tower 794
is not connective in the Postnikov ¢-structure on filtered spectra, since
for all n the spectrum 75, X is 2n-connective instead of n-connective,
which for n < 0, where 2n < n is not in agreement with the definition
Postnikov connective. It is instead connective for the double speed
Postnikov ¢-structure. For this reason Spec7s9,R will denote the
restricted Yoneda embedding, in practice this makes little difference,
since the functor
ev

CAlg(Spﬁl)T;.R/ - CA]g(Spfﬂ)T>2-R/7

induced by p, is final' for all R € CAlg(8p)®”. In fact, this holds for
all even filtered ring spectra.

Theorem I11.4.4.7. The functor

CAlg(8p)® — FStack®™

IThis holds for all left adjoints, in particular equivalences.
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given by sending R to Spec T=2, R is a sheaf for the m.-flat topology. In
particular, there exists a colimit-preserving functor

(=) Stk® — FStack
such that (Spec R)™™® = Spec T>24 R.

Proof. We have to show that the functor Spec7sq.: CAlg(Sp)®" —
FStack® satisfies the following two conditions:

1. It preserves finite products.

2. For all faithfully m,-flat maps R — S, the canonical map
colimpe o» Spec(Ts2e(SE7"1)) — Spec To0e R
is an equivalence.

It is clear that it preserves products, so we will focus on (2).

Let R — S be a faithfully w,-flat map of even commutative
ring spectra, then by faithfully flat descent Theorem I11.2.4.3 and
Lemma I11.2.2.20, we have equivalences

: 1
ToeR =~ lim 75,4(8)Pm=e0 ™t

[nle
~ lim 75,(S®#")

[nle ’

in CAlg(8pfl_,). Since p: Spfil = 8pi is a symmetric monoidal

ev,>0 ev
equivalence we see that there are equivalences

' 1
Ts2e R > [ll]m Toge () Em22e ) ™ F
nje

~ lim Tog,(S®R™H),

[n]e
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in CAlg(8p)). In particular, if we consider the Yoneda embedding
X1 CAlg(8pl) — P(CAlg(8pl)°)

we see that K (7>2¢5) — K (722 R) is an effective epimorphism. Hence,
after sheafification, we see that

SpPec 7205 — Spec Tsoe R

is an effective epimorphism in FStack. In particular, we obtain an
equivalence

colimpyje o Spec(Tsae (S ™)) = colimpyje o Spec(Tsoe P20 ")

o~ Spec Tsoe R. O]

Definition 111.4.4.8. If X is an even spectral stack, then we denote
the associated filtered even stack as the image of X under (—)7~. If
X is a spectral stack, then we will abuse notation and write

XT—ev — (XeV)T—eV
for the filtered even stack associated to the even spectral stack X©V.

Remark II1.4.4.9. One would expect that (—)"*" would be induced
by a map of sites CAlg(8p)¢" — CAlg(8pf!) given by the double speed
Postnikov tower. Unfortunately, we have not been able to show that
this is a map of sites.

Proposition 111.4.4.10. Let R be a commutative ring spectrum. If
R — S is evenly faithfully flat and S is even, then we have an
equivalence of filtered ring spectra

I'((Spev R)™™¢") ~ fil{" R.
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Proof. Tt follows from Proposition I11.4.3.17 that Spev R is a geometric
even spectral stack with such that Spec S — Spev R is a flat cover.
In particular, if Spec S® is the Cech nerve of Spec S — Spev R, then
Sk = SOrF is even all k, so we obtain an equivalence

colimp,jc  Spec 7>945" = (Spev R)™™°".
It follows from Corollary I11.3.4.6 that

C((Spev R)"™) =~ lim T5045" ~ fil{" R.

[nle
Here the last equivalence is Corollary I11.4.3.8. 0

Definition I11.4.4.11. If X is a spectral stack, then the even filtration
of X, is the filtered spectrum

fill" X =T(X™%)
given by the cohomology of the filtered even stack associated to X.

Example I11.4.4.12. Consider My;y the descent stack of Spec MU,
then the even filtration My;y agrees with the double speed Adams
filtration of the sphere. That is there is an equivalence

fﬂiVMMU ~ [h]m T}Q.MU®n+l.
IS
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Appendix

A.1 t-structure flat topologies

In this appendix we establish the results of Section I11.2.2 in the general
setting of a presentably symmetric monoidal stable co-category € with a
separated and right complete t-structure (Csg, C<p), which is compatible
with filtered colimits and the symmetric monoidal structure. The main
observation is that there is always a good notion of a flat topology on
CAlg(C=0)°? and that the main computational tools established for
the flat topology on ring spectra in [Lurl7h, Section 7] exist in this
case. For the remainder of this section we will fix C as above. The
functor 75,: € — €1 will denote the Postnikov tower for the fixed
t-structure, which can be seen to be lax symmetric monoidal and takes
values in Gl;ﬂo, where G is given the Postnikov t-structure. That is, a
filtered object X is connective if and only if X,, € C-,, for all n € Z.
Furthermore, we let m,: € — C¥ denote the k-th t-structure homotopy
group. This section is heavily inspired by work of Jacob Lurie in
[Lurl7h, Section 7] and [L.urb, Appendix B.6 and D.6], and we expect
that most of the results are known to experts in the field.
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In the final two sections we will quickly review parts of the theory
of Dirac geometry as introduced by Hesselholt and Pstragowski in
[HP25] and [HP24] and the theory of stacks on a site as developed
by Balderrama, Davies and Linskens in [BDL.25, Part 2]. Most of the
results of this section are in no way due to the author of this paper,
and the ones that are carry very little interest without the context of
the others.

Definition A.1.1. Let R € CAlg(€¥) be a commutative algebra and
M € Modg(€¥) be an R-module. We say that M is flat' if the functor

M%—: Modg(€%) — Modg(€),

defined by the symmetric monoidal structure on €% induced by the
one on C, is an exact functor of abelian categories.

Definition A.1.2. Let R € CAlg(C) be a commutative algebra. An
R-module M € Modg(C) is t-structure flat* if myM is flat over myR
and the canonical map

TR ® moM — m, M
ToR

is an equivalence for all k£ € Z. A map of commutative algebras R — S
is t-structure flat if S is flat as an R-module.

Notation A.1.3. Let € be as above. For any filtered object X € !
we define the (p, q)-th homotopy group of X to be

TpeX = Tp(X,).

For any graded object Y € €& we use the same notation.

IThis is a slight abuse of terminology, however since the term flat is used
consistently in this paper, we do not expect this will cause any problems.

2We will often abuse terminology and just say flat, this will not cause any
problems since if R is discrete, then this definition coincides with Definition A.1.1
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Proposition A.1.4. Let R be a commutative algebra in C and let M
and N be R-modules. In this situation, there is a spectral sequence
computing (M ®gr N) with F1-page

EV'=m, (.M ® Y'7m.N)=m,(MQN).
SR R

Furthermore, the spectral sequence is convergent.

Proof. By [Lurl7b, Definition 1.2.2.9, Prop. 1.2.2.14] we have to pro-
duce a complete filtered object X, in C, whose associated graded has
bigraded homotopy groups given by
Tpq 8l Xe Z My (X'm M & Y'm.N),
Y*me R
and whose colimit is M ®z N. Since gr,: € — @& is symmetric
monoidal the filtered object can be chosen to be Toe M &, ,r T>e N. [

Example A.1.5. Let C = 8p and let R € CAlg(8p) be a ring spec-
trum. If M and N are R-module spectra, then the spectral sequence
constructed in Proposition A.1.4 has Fi-page given by the bigraded
homotopy groups of the graded spectrum
YoM o ® YmN=ZYX(mM Q mN).
Y*my R T« R

Since 7, R is discrete as graded spectrum it follows from [HP25, Prop. 3.4]
that the tensor product

.M & m.N
T« R

may equivalently be computed as the derived tensor product in the
derived category D(Mod,, g(Ab®")). In particular, we obtain an identi-
fication

Tpg(B M ® m.N) = Toryfy(m, M, 7. N).
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In order for this to match up with the usual grading for the Kiinneth
spectral sequence starting at the Fy-page, one can use the convention

/Eg,q — E;q,p+2q_
See [Ant24] for a reference.

Remark A.1.6. Here the shearing functor is constructed as in Con-
struction I11.2.1.28.

In the above proposition we obtain a spectral sequence whose
E-page is given by the bigraded homotopy groups of the graded object

Y. M ® YXm.N.
Y*m R

Here, the tensor product is computed in the symmetric monoidal co-
category C®', despite all the objects being discrete. As a consequence,

we need to obtain better control of this tensor product, in terms of the
homological algebra of C&™¥ ~ (€V)er,

Definition A.1.7. Let R, M and N be as in Proposition A.1.4, we
define the Kiinneth spectral sequence of R, M and N to be the spectral
sequence constructed in Proposition A.1.4.

Remark A.1.8. Some authors like to call the above spectral sequence
the Tor-spectral sequence, we do not distinguish between names, since
one can deduce one from the other.

Proposition A.1.9. Let R be a commutative algebra in C and let
M be an R-module. If M is flat, then T>eM and X*m. M are flat in
ModT>.R(€fil) and Modss ., r(C8), respectively.

Proof. For the first part we follow the proof of Proposition I11.2.2.21.
If M is a flat R-module, then for every N € C#" we have equivalences

M ® N2=m.M ® N

7r[1)37>.R TR

= 7TOM ® N.
moR
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By assumption the functor

oM @ —: Mod,, r(C&™) — Mod,, (C&)
o

is exact. In particular 7’ 754 M is flat over ) 74 R. It remains to see
that
7T,57>.R ® 7r§7>.M — W,f@.M
ﬂé)T).R
is an equivalence for every integer k. If £ < 0, then this is trivially

true, since both sides are 0, so we may assume that £ > 0. In the case
that £ > 0, then we have

P P
T Tsell & myTseM =y ;R ® m M
7réD7>.R T« R

= 7T*+k-M.

It is easy to verify that the canonical map is an equivalence.

For the case of ¥*m, M, note that for any connective filtered object
in G - in this case 7>, M - taking the associated graded is the same as
O-truncation. So it suffices to check that w,M is flat over m, R, which
we checked above. O]

It is helpful for the remaining proofs of this section to know that
when R € CAlg(C) is connective, then Modg(C) admits a t-structure
determined by the one on €. In order to prove this, we first prove the
following lemma.

Lemma A.1.10. Let C be a symmetric monoidal co-category and R
be a commutative algebra object in C. If M, N € Modg(C), then there
is an equivalence

Mapytodpe) (M, N) = lim Mape(R®*® M, N).
S
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Proof. Let U denote the forgetful functor Modg(€) — €. Consider
the simplicial R-module R®**!' ® U(M) coming from the adjunction
R®— 4 U. Since M is an R-module, this admits an extra degeneracy
so we obtain an equivalence colimye o» RE* 1 QU (M) ~ M. Tt follows
that

MapMOdR(@)(M, N) ~ 1\/Iapl\40dR(@)((:olimkE o REFL QU (M), N)
= }flén MapModR(G) (R® s ® U(M)v N)
~ lim Mape(RE* @ U (M), U(N)). O
€
Proposition A.1.11. Let C be a presentably symmetric monoidal stable
oo-cateqory with a right complete t-structure, which is compatible with
the symmetric monoidal structure. If R € CAlg(C) is connective, then

Modg(C) admits a right complete t-structure (Modg(C)=0, Modr(€C)<o),
such that the following hold:

1. For every k € Z the diagram

Modg(€) —=£5 Modg(@)

| |

T>k
C——~ C
commutes.

2. 1If the t-structure on € is left complete, then so is the induced
t-structure on Modg(C).

3. The heart is given by Mod,,z(CV).

4. The t-structure is compatible with the symmetric monoidal struc-
ture on Modg(C) given by the relative tensor product of R-
modules.
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5. If the t-structure on C is compatible with filtered colimits, then
s0 is the one on Modg(C).

6. An R-module M is coconnective if and only if its underlying
mage 1s.

Proof. Suppose R is as above. Let U: Modg(€C) — € denote the
forgetful functor. By [Lurl7h, Prop. 1.4.4.11 (1)] there is a t-structure
(Modg(€)so, Modg(€)<p) on Modg(€) where the connective part is
given by Modg(€)so = U~} (Modgr(€)s). We will now show that
Modz(€)<y = U™ (Ccp). Suppose M € Cgy, we have to show that for
any connective X € C

Mape(X, QU (M)) ~ Mape(X,U(QM)) ~ 0.

Since the t-structure on € is compatible with the symmetric monoidal
structure we know that R® X is connective, hence

Mape(X, QU(M)) =~ Mapyoq,e) (R® X, QM) ~ 0.

Here, the last equivalence follows from our assumption that U(M) €
Ceo. In particular, M € Modg(€)<. Suppose now that N € Modg(C)<o,
in this case we have to show that for every X € Modg(€)s¢, the map-
ping space Mapyoq,(e) (X, 2N) vanishes. It follows from Lemma A.1.10
that we have an equivalence

Mapytod pe) (X 2N) == lim Mape(R®* @U(X), QU (N)).

Now, to see that the right hand side vanishes it suffices to see that for
every k the mapping space Mape(R®* Q@ U (M), QU (N)) is contractible.
By assumption U(M) is connective and thus by Lemma [11.2.1.25 we
see that R®*@U(M) is connective for every k. Similarly, U(N) is
coconnective by assumption, hence it follows from our assumption that
(C0, C<o) is a t-structure that

Mape(R®*®@U(M),U(N)) ~ 0. O
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Remark A.1.12. The existence statement and parts (1)-(5) are already
in the literature cf. [AN21, Prop.A.15]. Part (6) is implicitly mentioned
in their proof, but we choose to highlight it here since it is relevant to
parts of our proofs.

Remark A.1.13. The statement in Proposition A.1.11 is very reminis-
cent of [Lurl7b, Prop. 7.1.1.13] and [Lurl7h, Lemma 7.1.3.10], except
we do not recover the characterization of the connective part that
Lurie makes. However, the connective part can be characterized as
generated under colimits by objects of the form R® X, where X € €
is connective.

Remark A.1.14. Parts of Proposition A.1.11 also hold for any com-
mutative algebra object R € CAlg(€). However, if R is not connective,
the t-structure often fails to be interesting. For instance if € = 8p and
R = KU is non-connective complex K-theory, then Modky(Sp)=o =~ 0.
This can be seen, by noticing that for any KU-module M the Bott
element § € m_,KU induces an equivalence

My

It follows that if the underlying spectrum of M is connective, then it
must be 0.

Definition A.1.15. Let R be connective commutative algebra in C
and let M and N be R-modules. We define the Atiyah—Hirzebruch
spectral sequence of R, M and N to be the spectral sequence associated
to the filtered object in Modg(C) given by

AHR(M,N) = (roM) @ N,

Proposition A.1.16. Let R be a connective commutative algebra in C
and let M and N be R-modules. Then the Atiyah—Hirzebruch spectral
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sequence of R, M and N has signature
EV =m,(8n,MQN) = m,(MQN).
R R
Furthermore, if N is bounded below, then AHR(M, N) is a complete
filtered object, so the spectral sequence is convergent.
Proof. By construction the E;-page is given by
Tp (BT MQN) = m,(LI7r,M QN)
R R
= Wp(zq(ﬂ'qM%N)).
In order to see that the filtered object AHr(M, N) is complete, when-

ever N is bounded below, note that there exists n such that X" N is
connective. In particular, for every k € Z we have that

(1> M) %}E"N ~ E”(T>kM§>;)N)

is k-connective, and hence X"°AHy(M, N) is connective in €1 and
thus complete. It follows that AHg(M, N) is complete, since complete
objects in G form a stable subcategory. ]

Example A.1.17. Let R € CAlg(8p) be a connective ring spec-
trum, if M and N are R-module spectra, then the Ej-page of the
Atiyah—Hirzebruch spectral sequence of the triple (R, M, N) agrees
as a bigraded abelian group with the “Atiyah—Hirzebruch spectral
sequence” constructed in [Elm+97b, Theorem 3.7].

Construction A.1.18. Let C be as above. Since € is separated
and R € CAlg(C") is a discrete commutative algebra in €, by [Lurh,
Theorem C.5.4.9] restricting to the hearts provides an equivalence

Fun™'®(D(Mod(€Y)s0), Modg(€)sg) = Fun®*(Modz(€Y), Modg(CY)).
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Here, the decorations mean the full subcategory spanned by colimit pre-
serving left exact functors and colimit preserving exact functors respec-
tively. The identity induces a canonical map H: D(Modg(C%))so —
Modg(€)so, such that the triangle

Modg(CY) » D(Modg(CY))>0

\ /

ModR(€)>0

commutes. Furthermore, if M is a flat R-module’, then we obtain
a colimit preserving left exact functor M ®% —: D(Modg(C%))so —
Modg(€)so. Note that, a priori this functor is different from the functor
M ®pr H(-).

Definition A.1.19. Let C be as above. We say that C satisfies the
homological flatness hypothesis if for every discrete commutative algebra
R € CAlg(CY), and choice of R-modules M, N € Modg(€C)so such that
M is flat, the following are equivalent:

1. The homotopy groups 7x(M ®g N) vanish for all k > 0.
2. The homotopy groups (M ®% N) vanish for all k > 0.

We say that € satisfies the weak homological flatness hypothesis if for
every discrete commutative algebra R € CAlg(C") and flat R-module
M, the functor

M®—: Modg(€) — Modg(€)

is t-exact.

!'Note, that since R is discrete there is no difference between being t-structure
flat in Modg(C) and being flat in Modz(CY).

2Here M ®g N is the tensor product in €, and we have omitted the Eilenberg-
MacLane functor, coming from the inclusion of the heart, from the notation.
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Remark A.1.20. The homological flatness hypothesis might seem
obtuse to the reader. We do not intend for this condition to become
standard; we only provide a minimal condition that makes the proofs
work. It is however often satisfied, for instances when C is projectively
rigid", as shown by Liang in [Lia20, Definition 3.12]. For instance Spij,
is projectively rigid.

Remark A.1.21. If C satisfies the weak homological flatness hypoth-
esis, then we deduce that for every discrete commutative algebra R
and flat R-module M, the functors M ®x — and M ®}; — agree. This
is because they both are left exact and agree on the hearts.

Remark A.1.22. It is reasonable to ask for a E;-homological flat-
ness hypothesis, where one replaces commutative algebra objects with
associative algebra objects and modules with left and right modules.
The following conjecture is true in the case where C satisfies the E-
homological flatness conjecture.

Conjecture A.1.23. If C satisfies the homological flatness hypothesis,
then C#" satisfies the homological flatness hypothesis.

Proposition A.1.24. Suppose that C& satisfies the weak homological

flatness hypothesis. Let R be a connective commutative algebra in C,
and let M and N be R-modules. If M is flat, then

Yr. M ® Y'm.N
Y*me R

is discrete in C®. Furthermore, we obtain an equivalence

YrM ® Ym N ~YX(mgM ® m.N).
Y*me R ToR

LA definition which, as far as we know, is due to Jiachen Liang.
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Proof. 1t follows from Proposition A.1.9 that ¥*m, M is flat in C&.
Since YX*m, R, ¥*m, M and YX*w, N are discrete, it follows from the weak
homological flatness hypothesis that so is X*71, M Qs g X1 N. It
follows that

M o ® Y N ~Y¥(m.M ® m.N)
Y*me R T« R
~ ¥*(moM ® m.R ® m.N)
ToR T+« R

~ ¥ (oM ® m.N). O
moR

Corollary A.1.25. Suppose C® satisfies the weak homological flatness
hypothesis, and let R € CAlg(C) be any commutative algebra object
and let M be a flat R-module. If N is any R-module, then we have an
equivalence

T(MN) =27, M ® m.N
R

T« R
in GV,

Proof. Tt follows from Proposition A.1.24 that F-page for the Kiinneth
spectral sequence computing m,(M ®g N) is given by

WP’Q(E*W*MZ*C?RZ*W*N) = WP’Q(E*(WOMW?R mN))

= 7Tp<2q(7T0M7T%<)R T, N)),

which is concentrated on the diagonal p = ¢. In particular, the spectral
sequence degenerates immediately and the result follows. [

We will need a few more tools from homotopy theory.

Definition A.1.26. The category C has Milnor lim'-sequences if
7, C — C¥ preserves countable products for every k.
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Proposition A.1.27. If € has Milnor lim' sequences, then for all
X:Zso— C and k € Z there is a short ezact sequence

0 — lim' m 1 X — 7 lim X,, — limm,.X,, — 0

in CV. Furthermore, if {p41X, Yns1 s Mittag-Leffler, then lim® 1 X ~
0.

Proof. There is a fiber sequence

. d
lim X, — [ X = J[ X
" k‘eZ;O keZ>0

where d = shift — id. In particular, splicing the long exact sequence in
homotopy we get a short exact sequence

0 — coker(mgy1d) — m(lim X,,) — ker(mpd) — 0.

It is a standard exercise to show that ker(myd) = lim,, m, X,,. We define
the lim'-term as

lim" 741 (X,,) == coker(my41d).

From this description it is clear that if {71 X, }aso is Mittag-Leffler,
then lim* Ter1 Xy = 0. ]

Definition A.1.28. A cosimplicial object X: — C is uniformly
bounded if there exists a < b € Z, such that X,, € Cp, for all n. We
say that X has bounds a < b.

Definition A.1.29. Let F': € — D be an exact functor of presentable
stable categories with t-structures. We say that F' has t-amplitude < n
if for all X € €Y we have F(X) € D,. Similarly, we say that F has
t-amplitude > n if for all X € €%, we have F(X) € Ds,. We say that
F has bounded t-amplitude if there exists m,n € Z such that F' has
t-amplitude < n and > m.
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Definition A.1.30. An object X € C has bounded Tor-amplitude if
X ®—: € — € has bounded t-amplitude.

Example A.1.31. Any abelian group has bounded Tor-amplitude,
when considered as an object in D(Z). In fact, since the projective
dimension of Z is 1, any abelian group has Tor-amplitude in [0, 1].
Furthermore, any flat abelian group has Tor-amplitude 0.

Remark A.1.32. Since C is closed under the symmetric monoidal
structure any connective object X € C5( has Tor-amplitude > 0.

Lemma A.1.33. Let C be a presentable symmetric monoidal stable
category with a t-structure, which is compatible with the symmetric
monoidal structure. If M: — € is a cosimplicial object, which is
uniformly bounded with bounds a < b, then the following hold:

1. Foreveryn > 0, the partial totalizations Tot™ M, == lim)e n M,
has bounded homotopy.

2. For everyn > 0 and 0 < m < n the fiber F = fib(Tot" M —
Tot™ M) is (b —m — 1)-coconnective.

3. The system {m Tot" M¢}nso is Mittag—Leffler for every k €
Z. In fact, for every k € Z there exists an n = 0 such that

7, Tot™™™ My — m, Tot™ M, is an equivalence for every m > 1.

4. If N € C has bounded Tor-amplitude and C has Milnor lim'-
sequences, then the canonical comparison map

(lim M) ®N — lim (M, ® N)
[k]e [k]e

is an equivalence.
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Proof. For (1), note that , is a finite oo-category for all n. In
particular, Tot™ M, is a finite limit. Hence, it suffices to see that
the full subcategory €° spanned by bounded objects in € is a stable
subcategory. To see this, it suffices to see that €° is closed under
products, fiber sequences and suspensions, all of which can be verified
by using the long exact sequence in homotopy.

We now prove (2). We will assume without loss of generality that
M, is coconnective, that is b = 0. Let M,, denote the restriction of M
to <, and let MZ, | denote the right Kan extension of M, along

<n—1 — <n. In this situation we have equivalences

lim M, ~ Tot" M and lim M2, | ~ Tot"" M.

<n n

Furthermore, since limits commute with limits we see that

F' |~ hm fib(M<, — MZ,_,).

Since <1 — <y is fully faithful, we see that

0 k
fib(X,, = (XZ,_)n) k=

//\

(fib(Me, = MZ, 1))k =~ {

In particular, by [Lurl7h, Cor. 1.2.4.18] we obtain a canonical equiv-
alence F" | ~ Q”(flb(X — (XZ,_1)n)). Thus to see that F) ;| is
(—n)—coconnectlve it suffices to see that fib(X,, — (XZ,_,),) is cocon-
nective. This is clear since coconnective objects are closed under limits
and X}, is coconnective for all [k] € .

It remains to be checked that F” is (—m — 1)-coconnective for all
0 < m < n. This can be seen inductively, by using the fiber sequence

F' | — F' — et

'One verifies that (X2, _,)n) is coconnective by the pointwise formula for right
Kan extensions, which expresses it as a limit taking values in coconnective objects.
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since F"~ 1 is (—m — 1)-coconnective by our inductive hypothesis and
F™ | is (—n)-coconnective by the above, and hence, since m < n — 1,
we see that I is (—m — 1)-coconnective.

We now prove (3). By (2) the map 7, Tot" M — 7, Tot™ M is
injective, when k = b — m and an isomorphism for £ > b — m. In
particular, for all k, we see that m, Tot"™*° M — m, Tot* 170 M is
an equivalence proving the claim. In particular, {m; Tot" M}, is
Mittag—Leffler for all k& € Z.

We now prove (4). It follows from (3) that m(limpe M,) =
lim,, 7, (Tot™ M,). Now, since N has bounded Tor-amplitude, then
by (3) we see that {mz(Tot" M, ® N)},>0 is again Mittag—Leffler. It
follows that

m((lim M,) ® N) ~ lirllnwk((Totn M,)®N)

[n]e

~ lim 7, (Tot" (M, ® N))
~ Wk([li]m (M, ®N)).
nje

Here we use that —® N preserves finite limits. [

Remark A.1.34. Part (2) and (3) in Lemma A.1.33 are completely
contained in [Lurl7b, Prop. 1.2.4.5]. We only include a proof here
for completeness’ sake, and to illustrate that if you only care about
connectivity bounds, then you get by with a slightly simpler proof.

A.2 Stacks on a site

In this section we introduce the category of stacks on a (large) site and
show that this satisfies many of the good categorical properties the
oo-topos of sheaves on a small site does.
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Definition A.2.1 ([BDL25, Definition 2.1.1.5]). If (€, 7) is a site, then
we define the category of stacks on € to be the colimit

Stk(€) := colime, e Shv, (€),
indexed over all small subsites (Co, 7) of (C, 7).

Convention A.2.2. For the rest of this section we assume that any
Grothendieck topology we consider is subcanonical, that is the Yoneda
embedding X : € — Fun(C°, §) factors through 7-sheaves. Further-
more, we assume that € has finite limits. We will also suppress the
Grothendieck topology from our notation, except if multiple sites are
considered.

Remark A.2.3 ([BDL25, Eq. 2.1.1.8]). For every site € the Yoneda
embedding on every small subsite € factors through the category of
sheaves on Gy, so we obtain a functor

Spec: € — Stk(C).

Definition A.2.4 ([BDL25, Definition 2.1.1.9]). A stack X € Stk(C)
is affine, if it is in the essential image of Spec.

Proposition A.2.5 ([BDL.25, Prop. 2.1.2.1]). For a site C the category
of stacks on € has all small colimits and finite limits.

Proposition A.2.6 ([BDL25, Prop. 2.1.2.2]). For any category D
with small limits, restriction along Spec: € — Stk(C) induces a fully
faithful functor

Fun®(Stk(C)°?, D) — Fun(C, D)

with essential image given by the functors € — D, which are sheaves.
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Definition A.2.7 ([BDL25, Definition 2.1.1.2]). A map of sites (C,7) —
(€', 7') consists of a functor € — €, which preserves covering families
and pullbacks along coverings. A map of sites is exact if it preserves
all finite limits.

Proposition A.2.8 ([BDL25, Prop. 2.1.2.6]). Any map of sites f: (C,7)
— (€', 7') induces a colimit preserving functor

fi: Stk(€) — Stk(C).
If f is exact, then f, preserves finite limits.

Definition A.2.9. A presheaf X: C°? — § is small if it is a small
colimit of representable functors. We denote the category of small
presheaves on € by P(€)".

Remark A.2.10. If C is a coaccessible category with the trivial
Grothendieck topology, then the category of stacks on € is the category
of small presheaves on C.

Corollary A.2.11 ([BDL25, Cor. 2.1.2.7]). For any site C there exists
a left exact colimit preserving functor

L: P(€) — Stk(€).

Remark A.2.12. One might believe that not every stack can be
written as a colimit of representables, since for any small subsite
Co C € the inclusion Shv(Cy) — Stk(€) might not preserve colimits.
However, if € is coaccessible, then the statement still holds. This can
be seen as follows. Let X € Stk(C) be any stack on €. By construction,
there exists a small subsite €y, such that X is in the image of

111 Shv(Cy) — Stk(e).

IThis is only a mild abuse of notation, since if € is small, then P(€) agrees
with the category of presheaves on C.
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In particular, there is an equivalence colim y (), x & (y) =~ X in Shv(Cy).
We claim this colimit is preserved by ¢1. To see this, consider the dia-
gram:

P(Cy) —2s Shv(Cy)
P(€) —E— Stk(C).

Since C; is small, L, is left adjoint to the inclusion from sheaves to
presheaves. In particular, we obtain an equivalence

COlimJ:(y)_%X J:(y) l) X,

inducing the above equivalence in Shv(€;). Now, by [BD1.25, Cor. 2.1.2.7]
the functor L: P(C) — Stk(C) preserves colimits, so it suffices to show
that the above colimit is preserved by i;, which follows from the fact
that € is coaccessible.

Proposition A.2.13 ([BDL25, Prop. 2.1.2.9]). If C is a site, then the
following properties hold:

1. Coproducts in Stk(C) are disjoint.
2. Colimits in Stk(C) are universal.

3. Groupoids in Stk(C) are effective.

4. The functor Stk(C)°P — Cat sending X to Stk(C),x preserves
limits.

Definition A.2.14 ([BDL25, Definition 2.1.3.1]). A map f*: € — D
in CAlg(Prk) is called affine, if the right adjoint f,: D — € induces a
symmetric monoidal equivalence

~

Mod;.1, (€) = D.
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Definition A.2.15 ([BDL25, Definition 2.1.3.2]). A quasi-coherent
sheaf context is a triple (C, 7, Q), consisting of a site (C,7) and a 7-
sheaf : C° — CAlg(Prk) of presentably symmetric monoidal stable
categories subject to the following conditions.

1. Foreverymap f: X — Y in € the induced functor Q(f): Q(Y) —
Q(X) is affine.

2. The functor () preserves pushout squares.

Definition A.2.16 ([BDL25]). If (€, 7,Q) is a quasi-coherent sheaf
context, then we let

QCoh: Stk(C)® — CAlg(Prk)

denote the canonical limit preserving extension guaranteed by [BD1.25,
Prop. 2.1.2.2].

A.3 Dirac Geometry

We will now review the needed background on Dirac Geometry following
Hesselholt—Pstragowski. This is a version of algebraic geometry where
the test objects are so-called “ Dirac rings”, that is Z-graded rings which
are graded commutative in the sense that if x and y are homogeneous
elements, then

zy = (—1)1#Wyz.

Here |z| denotes the degree of x. Formally the category of Dirac rings
can be defined as

DRing := CAlg((Sp#")”)

where $p#' is given the diagonal t-structure of Proposition I11.2.1.20.
This follows from the identification (§p#")¥ ~ Ab® which can be made
symmetric monoidal by equipping the right-hand side with the Koszul
graded tensor product.
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Definition A.3.1 ([HP24]). We define the category of affine Dirac
stacks to be DAff := DRing®®. A collection of maps {R; — R}ics is a
flat cover in DAff if it contains a finite collection of maps, such that

R — ﬁRJ
j=1

is a faithfully flat map of Dirac rings.

Theorem A.3.2 ([HP24, Prop. 2.4, Lemma 2.10]). The collection of
flat covers on DAff defines a finitary Grothendieck topology making
DAff into an accessible site.

Definition A.3.3. A functor X: DRing — 8 is a Dirac stack if X is
a sheaf for the flat topology on DAff and X is accessible. We denote
the category of Dirac stacks by DStk.

Corollary A.3.4. There is a canonical equivalence
Stk(DAff) = DStk

between the category of stacks on DAff and the category of Dirac stacks.

Proof. This follows immediately from the fact that DAff is an accessible
site and [BDL25, Cor. 2.1.2.5]. N

Theorem A.3.5 ([HHP25, Prop. 3.3, Addendum 3.4][HP24, Prop. 3.23]).
If
D: DRing — CAlg(Prk)

denotes the functor sending a Dirac ring R to its category of graded
module spectra Modg(8p#")!, then the triple (DAff, flat, D) is a quasi-
coherent sheaf context.

IThis is seen in [HP24, Prop. 3.4] to be canonically equivalent to the derived
category D(Modg(Ab&")) as objects of CAlg(Prk).
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Definition A.3.6. A Dirac stack X is geometric if it admits a flat
cover' by an affine Dirac scheme.

Remark A.3.7. The definition of geometric Dirac stack in Defini-
tion A.3.6 is less general than the one given in [HP24, Section 2.3],
where the authors only require that the map be representable by flat
maps of Dirac schemes. For the purposes of this paper the above
definition will suffice.

Remark A.3.8. In this paper, we will concern ourselves with stacks
on multiple different sites. Specifically the sites Aff, FAff and DAff
with the 7,-flat, flat and flat topologies respectively will be of interest.
We will see that these all refine to quasi-coherent sheaf contexts and
will always abuse notation and write QCoh for the category of quasi-
coherent sheaves on a stack on any of these sites. This is mostly
harmless, since the correct version can always be deduced by type-
checking.

We will need the following result on t-structures on the category
of quasi-coherent sheaves on a geometric Dirac stack. This is [HP24,

Theorem 3.27] specialized to the case of a geometric stack in the sense
of Definition A.3.6.

Theorem A.3.9 ([HHP24, Theorem 3.27]). If X is a geometric Dirac
stack, then QCoh(X) admits a t-structure (QCoh(X)=o, QCoh(X)<o)
such that the following hold.

1. The t-structure is left and right complete, compatible with the
symmetric monoidal structure and compatible with filtered col-
imits.

IHere flat cover means and epimorphism, which is representable by affines and
the map induced by base-change corresponds to a flat map of Dirac rings.
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2. The category QCoh(X)s is complete Grothendieck prestable
and the functor

QCoh(X )9 < QCoh(X)
identifies QCoh(X) with the stabilization of QCoh(X)so.

3. A quasi-coherent sheaf F € QCoh(X) is (co)connective if and
only if for every flat cover p: Spec R — X by an affine p*J is
(co)connective.
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